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' i t .  

" j THE OPTIMIZATION OF WIND-TUNNEL CONTRACTIONS 

FOR THE SUBSONIC RANGE 

Summary 

The investigation deals with a theoretical analysis of two- / ! 
j -y 

dimensional and axi-symmetrical contractions for wind tunnels in 1 
the subsonic range, with a critical analysis of earlier research. 1 

i 

For the calculation of frictionless flow in subsonic ducts a model 
I 

is developed in which the walls are represented by vortex sheets, 1 
1 

while the limits of the vortex sheets are formed by source I 
Z 

and sink discs. The effects of friction are analyzed by means d i 
of the boundary layer calculation method by Bradshaw et al. The j 

, - 
method for checking thus obtained for two dimensional and axi- 1 

symmetrical ducts with arbitrary contours is used to determine the i : 

optimal contours for subsonic wind tunnel contractions. Optimal I 

contractions are defined as those having minimal length for a given , i 

contraction ratio a2d a given uniformity of velocity in the discharge i 
while avoiding separation of the boundary layers. b -  

1 '* 1 ; 
! 

*Numbers in the margin indicatk pagination In the foreign text. 
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Nomenclature 

I 
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Symbol Un i t s  Meaning 
1 
i 

F r i c t i o n  f a c t o r ,  Eq. (3 .1)  i - 
R e l a t i v e  d iamete r ,  r e l a t i v e  t o  yA j i .  

Displacement d e n s i t y  f a c t o r ,  ~ q . ( 4 . 1 9 )  3 C 

Complete e l l i p t i c a l  i n t e g r a l  of  t h e  1 t f .  C second t y p e  + :j 

/ Cor rec t ion  parameter ,  Eqs. (4 .81,  (4.91,  
f 

(4 .10)  i 
B 

R e l a t i v e  e r r o r  
I n t e g r a l  k e r n e l  f u n c t i o n ,  Eq .  (2 .27 )  
I n t e g r a l  

1 

Complete e l l i p t i c a l  i n t e g r a l  of  t h e  
f i r s t  t y p e  

i 

Cont rac t ion  r a t i o  
1 

Argument of t h e  e l l i p t i c a l  i n t e g r a l s  
I 

E and K I 

R e l a t i v e  c o n t r a c t i o n ,  r e l a t i v e  t o  yA 

{L = SE - E A 1  
Number of 
Reynolds number 

I 

Local  coord ina te s  on t h e  c o n t r a c t i o n  
contour  i .. 

i P 

Component of w i n  x d i r e c t i o n  I 

Component of w i n  y  d i r e c t i o n  

Flow v e l o c i t y  

i I n v e r s i o n  p o i n t  parameter ,  E q s  . ( 4 . 5 ) .  I 
(4.61. ( 4 * 7 )  3 Y . ;L 
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Symbol Units Meaning 

Local coordinate in primary flow direction 

Local coordinates perpendicular to 

primary flow direction 

Variable for parameter representation 

of 6 and 0, Eq. (2.30) 

Circulation 4 

1 ; 
Circulation over length of vortex sheet " 

I 
$ 
$ t ,  

Difference 4 \ 
5 

Displacement density I 

Dimensior~less y-coordinate, Eq, (2.24) ,i 

Impulse loss density 3 
1 

Kinematic viscosity f 
1 

Dimensionless x-coordinate Eq.(2,23) 5 

Density 

Tangential stress 

Velocity potential 
r .; 

Difference between velocity potentials 5 6 ;' 
of two points 

1 

t 
Dimensionless y value, Eq. (2.25) j 

> 



S u b s c r i p t s  

Index 
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e  
i 

k o r r  
max 
min 

9 
r 

uk 
6 

9 

S u p e r s c r i p t s  

Index 
+ 
t 

+ 

Meaning 

I n i t i a l  contour  p o i n t  ( s e e  F ig .1 )  
Reference v a l u e ,  Eq .  (4.19 ) 
F i n a l  contour  p o i n t  ( s e e  F ig .1 )  
Two-dimensional 

Induced 
Corrected 
Maximum v a l u e  of t h e  induced u n i t  
Minimal va lue  of t h e  induced u n i t  
Caused by source  and s i n k  
Axi-symmetrical 
Uncorrected 
R e l a t i v e  t o  t h e  o u t s i d e  of  t h e  boundary l a y e r  
R e l a t i v e  t o  t h e  impulse l o s s  d e n s i t y  

Meaning 
Vector 
Poin t  w i t h  la s i n g u l a r i t y  
Defined i n  Bq.  ( 2 . 5 )  and ( 2 . 7 ) ,  excep t ion  
6' ( s e e  t h e r e )  
F i r s t  d e r i v a t i v e  wi th  r e s p e c t  t o  a 

Second d e r i v a t i v e  wi th  r e s p e c t  t o  a 

M u l t i p l i e d  by i, E q .  ( 2 . 3 2 )  

Mean va lue  
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1. Literature /6 

About two dozen works have been publishedin the last 50 
years about the design of subsonic wind tunnel contractions. The 

distribution of the works over so long a period of time indicates 
that this problem has never been the core problem of flow mechanics. 

The consequence was that a:continuous body of work has nowhere been 

prepared about this problem. The authors (including the author of 

the present work) generally took up this subject because they were 

faced with a concrete case in which wind tunnel contractions had to 
I be designed, and none of the methods discussed in the literature 

were satisfactory. Generally a new method was then developed and 

published based on a full development of one of the previous works 

(see e.g. Whitehead, Wu and Waters [l], Szczeniowski [2], Jordinson 

C31, Cohen and Ritchie [4], and others). 

Figure 1 is a schematic representation of a wind tunnel contract- 

ion for the incompressible velocity range as well as the appropriate 

velocities along the axes and along the contour. The works about 

wind tunnel contraction can be divided into three groups. 

Group 1: An arbitrary velocity curve is ana.lytically specified 
for a flow line in the flow from the low entry velocity to a high 

test velocity. With the differential equation for incompressible 
flow lines the curves for additional flow lines and their velocity 
distribution is calculated. One of these flow lines 13 selected 

on the basis of several criteria, and chosen as the contour flow 

line for a wind tunnel contraction. 

This group includes the works by Witoszy:~skf [5] (l922), /7 
Szczeniowski [21 (1942), Tsien C61 (1944), TPwaites [7] (1946), 

Cohen and Ritchie [4] (1962), and Mills [81 (.1968). 
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The method by Witoszynski [5] is based on an axi-symmetrical I.$ " .  
flow, with flow lines parallel to the axis in the initial and final 

8 

sections of the contractions. The initial and final sections are P .  
3 ; 

therefore equipotential plane surfaces. To achieve this, a velocity 

distribution is assumed which decreases and increases in wave form 

along the axis of syniietry. The stream tub?, calculated according 
1 .  

to the LaPlace equation, a section of which will serve as the con- 
:6-.e.: :! 

traction contour, correspondingly contracts and expands. In this P a  : 3 ,. 

2 ,; 

. , 

application the flow upstream and downstream of the contraction is ii i 
e f ': 

led in parallel tubes or as a free jet, Therefcre the flow in such 
i ,  , I 

i a contraction certainly deviates markedly from the calculated flow. I i 
1 c 4  
1 '.; An additional source of error is an approximation in the calculation, 

increasing with the contraction ratio, Witoszynski suggested his f : 
4 ; 

method may be used for contour determination of diffusers, where the r; . 
1 ,  

.. . i deviations can be ignored due to a relatively minor change in f ,: 
? - 

cross section. The length of the contraction is a free parameter a ; 

in Wytoszynskl l s vork . $ !. 
? : 
4 

It is interesting to note that up to this date, satisfactory g :  
+? - s .  1 

1 
wind tunnel contractions are being designed with the use of 
Witoszynsklls formula: using a ratio of maximum diameter to contract- % 

I ion length: I : 

4 

I 
In line with a proposal by Pralldtl [ g ]  (1932) the contractions ! 

are expanded somewhat at the exit. The flow in such contractions 
i 3 * 

is certain to deviate somewhat from that calculated by Witoszynski. 4 : 
i i 

1 The application of such contractions can therefore only be justified 4 !: 
by the satisfaatory results obtained. 

A further development of Witoszynskils idea is represented by I .  
8 

the works by Thwaites [7] and Mills [8], although Thwaites does 4 -  .I;* 

not seem to be familiar with Witoszynskils work. Thwaites represents 't .: 
i ; 

the contraction contour in the form of a suitably chosen series of B ... 



harmonic f u n c t i o n s ,  whereby t h e  i n i t i a l  and f i n a l  s e c t i o r a o f  h i s  
c o n t r a c t i o n  become e q u i p o t e n t i a i  p l a n e s ,  t h e  v e l o c i t y  i n c r e a s i n g  
monotonical ly  between t h e s e  p o i n t s .  

A disadvantage  of  such con tour s ,  a s  i s  t h e  c a s e  w i t h  Witoszynski ,  
* 

i s  t h e  f a c t  t h a t  t h e  c a l c u l a t i o n  i s  based on a contour  s t ream tube ,  5 
I 

d e v i a t i n g  from t h e  a c t u a l  flow upstream and downstream of t h e  con- [ . ;  
1 t r a c t i o n .  It can t h e r e f o r e  be expected t h a t  e x a c t l y  i n  t h e  a r e a s  
% r * "  

s e n s i t i v e  t o  p r e s s u r e  i n c r e a s e ,  a t  t h e  e n t r y  and e x i t  c r o s s  s e c t i o n ,  1 a ;  

d e v i a t i o n s  from t h e  c a l c u l a t e d  v e l o c i t i e s  occur .  I :  
The methods of Szczeniowski [2], Ts ien  [ 6 1  and Cohen and 

R i t c h i e  [ 4 ]  a r e  o f  a somewhat d i f f e r e n t  n a t u r e .  I n  + h i s  case  
t h e  v e l o c i t y  i s  s p e c i f i e d  monotonical ly  i n c r e a s i n g  a long  t h e  { 
symmetry a x i s ,  wi th  e x t e r n a l  s t ream tubes  c a l c u l a t e d  wi th  t h e  r 
Laplace equa t ion .  A l l  s t ream t s b e s  approximate asymptot ic  c y l i i ~ d r i c a l  1 

i t u b e s  upstream and downstream. I n  t h e  p r a c t i c a l  a p p l i c a t i o n  t h e  
contour  flows ~ t l e c t e d  a r e  t r a n s f e r e d  t o  t h e  c y l i n d r i c a l  t u b e s  v i a  1 : 
s l i g h t l y  rounded s e c t i o n s .  Such c o n t r a c t i o n s  t h e r e f o r e  ha-~c? the  1 
same problems a s  t h e  p rev ious ly  d e s c r i b e d  ones:  t h e  e f f e c t  of t h e  ,: 

8 .  * 
rounded s e c t i o n s  on t h e  v e l o c i t y  curves  a t  t h e  end of t h e  c o n t r a c t i o n s  

3 

cannot be e x a c t l y  determined.  i 
2 

G ~ O U D  2 :  A two d imens ional  non-compressible flow f i e l d  w i t h  /g 
s i n g u l a r i t i e s  (expansions and c o n t r a c t i o n s )  i s  assumed. P o s i t i o n  

I 
?; : 

I. 

and s i z e  of  t h e  s i n g u l a r i t i e s  a r e  chosen t o  cause a p p r o p r i a t e  
contour  flow l i n e s .  E s p e c i a l l y  s u i t a b l e  i s  t h e  r e p r e s e n t a t i o n  of 
such flow l i n e s  and t h e  cho ice  of  a ccn tour  flow l i n e  i n  $he 
hodograph-plane. It i s  t h u s  p o s s i b l e  t o  choose a v e l o c i t y  d i s t r i -  
bu t ion  a long t h e  c o n t o w ,  b e f o r e  t h e  geometrv of  t h e  contour  i s  

2 
d e t e r n i n e d .  
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T h i s  group inc lu i ies  t h e  works by Hughes [ l o ]  (1944),  Cheers [ l l j  

( 1 9 4 5 ) ~  Libby and Re l s s  [ I 2 1  (1951),  Whitehead, Wu and Waters [l] 
(19511, Gibbings El31 (1964) and [141 ( l 9 6 6 ) ,  Jo rd inson  [3] (1961) 
and Lau [153 (1964) and [16] (1966).  

5, ' ,  

ti ' 

< 
, . - .e*.-- 

- 
Whitehead, Wu and Uaters  i n d i c a t e  how t h e  r e s u l t s  o f  t h i s  method I .  , .. 

- .  $ 

can be t r a n s l a t e d  t o  a  system o f  axi-symmetrical f lows.  

P 
"e 
I i 

r i: 

.;, '. I and Gibbins [13], [I41 a r e  based on a l i n e  i n  t h e  two d imens ional  3. 
J 1 ,, . 

flow f i e l d ,  determined by equi-spaced source  p o i n t s ,  perpendicu- 
1 

l a r l y  approached w i t h  cons tan t  v e l o c i t y .  Appropr ia te  contour  flow , k; 

l i n e s  a r e  s e l e c t e d  from t h e  flow l i n e s  t h u s  r e s u l t i n g .  The r e s u l t i n g  
con tour s  approach t h e  i n f i n i t e  p a r a l l e l  walls a s y m p t o t i c a l l y .  They 

I 

The work by Hughes [ l o , .  publ i shed  i n  19441 i s  t h e  most e c c e n t r i c  f 
of t h i s  group. A contour  flow l i n e  i s  proposed i n  t h i s  work, which 
i n c o r p o r a t e s  a  v e l o c i t y  jump, making t h i s  work only u s e f u l  by 

-a. 1 approximation. 

i I must t h e r e f o r e  be  adapted t o  t h e  p a r a l l e l  duc t  w a l l s  by rounding o f f  d :j 1 

$ 

a t  t h e  c o n t r a c t i o n  enas .  Th i s  aga in  causes  a  d e v i a t i o n  of  t h e  r e a l  * :  
b 4 : 

flow r e l a t i v e  t o  t h e  t h e o r e t i c a l  f low. Gibbings [14] and Lau [ I61  /10 t ; 
:; 

d i s c u s s  s e v e r a l  p o s s i b i l i t i e s  t o  e s t i m a t e  t h e  un i fo rmi ty  of t h e  
4 d : 

a 
r: 

Tne works by  Cheers E l l ] ,  Libby and Reivs [ 1 2 3 ,  Lau C151, El63 

t e s t  s e c t i o n  v e l o c i t y ,  r e l a t i n g  i t  t o  t h e  l e n g t h  of t h e  c o n t r a c t i o n .  
7 

A very adap tab le  method, a l s o  computa t ional ly  r e l a t i v e l y  s imple ,  
i s  t h a t  by Whitehead, Wu and Waters [l]. Thi s  method was expanded 
by Jo rd inson  [3] t o  extremely l a r g e  c o n t r a c t i o n  r a t i o s .  S e v e r a l  
expansions and c o n t r a c t i o n s  a r e  assumed i n  t h e  flow f i e l d ,  c r e a t i n g  
contour  flow l i n e s  wi th  walls running pa ra l ? . e l  t o  t h e  c e n t e r  l i n e  

t 
I upstream and downstream of t h e  c o n t r a c t i o n .  Areas of  i n c r e a s i n g  

p r e s s u r e s  occur  near  t h e  e n t r y  c r o s s  s e c t i o n  and near t h e  e x i t  I 

c r o s s  s e c t i o n .  The equa t ion  f o r  t h e  contour  f low l i n e  c o n t a i n s  an  1" 

Y 

1.1. 

---.-- -----.-.-r.*-rr-IOI--*.w 

7 1 .*. I ', 
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: independent  v a r i a b l e ,  r e p r e s e n t e d  i n  F1g . l  w i t h  a  and b ,  r e p r e s e n t i n g  
t h e  v e l o c i t y  d i f f e r e n c e s  co r r e spond ing  t o  t h e  p r e s s u r e  i n d r e a s e .  ; 

Thi s  makes i t  p o s s i b l e  t o  choose t h e  p r e s s u r e  i n c r e a s e  a r b i t r a r i l y  
low, a l t hough  i n c r e a s i n g  t h e  l e n g t h  of t h e  c o n t r a c t i o n .  It a l s o  
makes it p o s s i b l e  t o  minimize t h e  d e v i a t i o n  of t h e  contoi i r  veloci . ty  % c 18; 

from t h e  average  v e l o c i t y  i n  t h e  e x i t  c r o s s  s e c t i o n ,  a g a i n  r e s u l t i n g  q 

I 

i n  g r e a t e r  l e n g t h .  A d i s advan tage  of  t h i s  methol i s  t h a t  t h e  
i 

v e l o c i t y  cu rve  i s  prede te rmined  by t h e  g iven  s i n g u l a r i t i e s ,  maKing I 

o p t i m i z a t i o n  imposs ib l e .  

The check ins  procedure  developed by Ba tche lo r  and Shaw [17] 
(1944) ,  i s  based on a  con tou r ,  ob t a ined  when assuming a  harmonic I 

i 
I 
I 

cu rve  f o r  t h e  v e l o c i t i e s  averaged ove r  t h e  c r o s s  s e c t i o n .  
I n  t h e  c a s e  o f  g r e a t e r  c o n t r a c t i o n  r a t i o s , a n  average  v e l o c i t y ,  /11 
s o  d e f i n e d ,  dev!.ates s i g n i f i c a n t l y  from t h e  a c t u a l  v e l o c i t i e s  
a long  t h e  c o n t o u r ,  B a t c h e l o r  and Shaw c a l c u l a t e  t h e  a c t u a i  non- 
compress ib le  f low t o  such a  con tou r  w i t h  t h e  a i d  o f  t h e  r e l a x a t i o n  
method, choosing t h e  f low l i n e  and t h e  i n t o r i o r  o f  t h e  o r i g i n a l  
con tou r ,  i n  which t h e  maximua p r e s s u r e  inc lbease  does  no t  exceed 
t h e  v a l u e  f o r  a  d i f f u s e r  w i t h  3.5' one-sided opening a n g l e .  

d 

t 

* .  I Group 3 :  An a r b i t r a r y  c o n t r a c t i o n  con tou r  i s  s p e c i f i e d  and an 

i 
d '  

z. 
A s  mentioned i n  C h e e r s t [ l l ]  c d t i c a l a n a l j s . 2 ~  of  t h e  method t 

. 1 .  

Y 

by Ba tche lo r  and Shaw [17] ,  t h e  shape of t h e  con tou r  e v e n t u a l l y  
chosen n e c e s s a r i l y  depends on t h e  o r i g i n a l  c o n t r a c t i o n .  The shape 
of t h i s  c o n t r a c t i o n  wa,s based on t h e  i n c o r r e c t  assumption of  a  
c o n s t a n t  v e l o c i t y  d i s t r i b u t i o n  th rough t h e  c r o s s  s e c t i o n s .  There- 

a p p r o p r i a t e  r,on-compressible f low is c a l c u l a t e d .  The c a n t o u r  i s  ', 's. 

v a r i e d  u n t i l  i t  r e s u l t s  i n  an  a p p ~ o p i - i a t e  c o n t r a c t i o n  f low.  

f o r e  i t  probably does  n o t  r e p r e s e n t  t h e  op t ima l  shape .  Furthermore 
't 

i t  does no t  a l l ow a n  e x a c t  i n r l i c a t i o n  o f  t h e  boundary l a y e r  izmed- 
v . ', 

l a t e l y  upstream o f  t h e  c o n t r a c t i o n .  Th i s  boundary l a y e r ,  hohsver ,  

F 



-.--.- - 
.:' 

: : 

determines how great the pressure increase at the entry to the + 
, . 

contraction may be, without causing separation. To use a standard 

3.5' diffuser as a basis apparantlv is not adequate to ascertain 
universally fitting boundary layers. 

Batchelor and Shaw [17] did not fully exhaust the advantage 

of a checking method for the determination of an optimal contraction 5 

contour. The advantage is the possibility to study all rossible ' 'L 

contraction contours, after which the most suitable contour is 
-i 

selected. This is the purpose of the present work. It does not r 

use the relaxation method, used by Batchelor and Shaw, but the L 1 2  
singularity method developtd in Chapter 2. Boundary layer calcula- 

tions are carried out instead of a comparison with a diffuser, in 

order to determine the allowable pressure increase. The problems 

caused by this method are covered in Chapter 3. Chapter 4 develops 
a method for the determination of optimal contraction contours. 

This method results in two dimensional and axi-symmetrical 

contraction contours, shorter than all previously suggested methods. 

It also allows a definition of the effect of the pressure increase 

areas and makes it possible to avoid boundary layer separation. 

The discontinuity in the test section velocity is only a fraction 

of the unavoidable discontinuity caused by flow disturbances. Also 

the displacement effect of the boundary layer is integrated into 
i 

the method. 



2. F r i c t i o n l e s s  Flow 

Th i s  s e c t i o n  r e p r e s e n t s  a method t o  c a l c u l a t e  f r i c t i o n l e s s  - / I 3  
f low th rough  two d imens iona l  and axi-symmetr ical  d u c t s  w i t h  a r b i -  

t r a r y  expans ions  o r  c o n t r a c t i o n s .  The method i s  based on KUchemann 

and Weber [18],  Vandrey [ l g ]  and Hucho [20],  however, i n c o r p o r a t e s  

s i g n i f i c a n t  improvements, making i t  p o s s i b l e  t o  a c h i e v e  a h igh  e e g r e e  
o f  accuracy  w i t h  a moderate number of  p l o t t i n g  p o i n t s .  It i s  

p r e f e r a b l e  t o  c a r r y  ou t  t h e  d e r i v a t i o n  of  t h e  b a s i c  r e l a t i o n s h i p s ,  
as i n  t h c  p r e s e n t  c a s e ,  c o n t r a r y  t o  t h e  p r e v i o u s l y  mentioned works; 
t h e  c a l c u l a t i o n s  a r e  made f o r  d u c t s  w i t h  i n t e r i ~ a l  f lows ,  i n s t e a d  of  

s o l i d  bod ie s  surrounded by flow. Th i s  c a u s e s  s e v e r a l  m o d i f i c a t i o n s  
t o  t h e  e q u a t i o n s .  

2 .1  Exp lana t ion  of t h e  Vortex Shee t  Model I 

Fundamental t o  t h i s  method i s  t h e  r e p r e s e n t a t i o n  of s o l i d  w a l l s  
by t h e  flow-through v o r t e x  s h e e t s  ( F i g . 2 ) .  A v o r t e x  s h e e t  

c o n s i s t s  of  a  con t inuous  system of p o t e n t i a l  v o r t e x e s  of  i n f i n i -  
t e s i m a l l y  small c i r c u l a t i o n .  The axes  of t h e s e  p o t e n t i a l  v o r t e x e s  
run  pe l lpendicu la r  t o  t h e  p l a n e  of  t h e  f low f o r  a two d imens iona l  
f low,  and sur round t h e  f low i n  t h e  form o f  a r i n g  i n  t h e  c a s e  of  
axi-symmetr ical  f low.  The combined c u r r e n t s  over  a  s e c t i o n  d s  
r e s u l t  i n  a c i r c ~ i l a t i o n  d r :  

I n  Eq.  ( 2 . 1 )  y ( s )  r e p r e s e n t s  t h e  c i r c u l a t i o n  r e l a t i v e  t o  l e n g t h ,  
h e r e  d e f i n e d  a s  t h e  d e n s i t y  of t h e  v o r t e x  s h e e t .  The d e n s i t y  

y ( s )  v a r i z s  a long  t h e  con tou r .  Kichemann and Weber [18]  show on 

page 48 t h a t  t h e  i n t e n s i t y  y ( s )  i s  e q u a l  t o  t h e  d i f f e r e n c e  between 

t h e  v e l o c i t y  components p a r a l l e l  t o  t h e  l a y e r  on both  s i d e s  of  t h e  

l a y e r .  If t h e  l a y e r  must r e p r e s e n t  a  s o l i d  wall, i n t e n s i t y  y ( s )  

must be chosen i n  such a way t h a t  zverywhere a l o n g  t h e  l a y e r  t h e  

k inemat ic  f low c o n d i t i o n s  are s a t i s f i e d .  I f  i t  i s  fu r the rmore  
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r e q u i r e d  t h a t  a t  t h e  o u t s i d e  of t h e  c o n t r a c t i o n  contour  t h e  v e l o c i t y  
e q u a l s  0,  t h e  l o c a l  i n t e n s i t y  of t h e  l a y e r  must be e q u a l  t o  t n e  
l o c a l  v e l o c i t y  a t  t h e  i n s i d e  of t h e  l a y e r :  

If t h e  l a y e r  i s  i n  a  s t a t i o ~ n r y  l o c a t i o n ,  i t  develops  a  v e l o c i t y  
+$ on t h e  one s i d e ,  and -3 a t  t h e  o t h e r  s i d e .  For  t h e  requirement  
t h a t  on t h e  one s i d e  of  t h e  s y s t e m  t h e  v e l o c i t y  must be zero ,  and 
; on t h e  o t h e r  s i d e ,  t h e  l o c a l  v e l o c i t y  c r e a t e d  must be superimposed 
on t h e  v e l o c i t y  induced by  t h e  e n t i r e  s i n g u l a r i t y  system: - /15 

2 .2  Biot-Savart  Law 

:,. 
r', i According t o  t h e  p o t e n t i a l  t heory  a 9 1 s i n g u l a r i t i e s  i n  t h e  f low ! 

f i e l d  produce a v e l o c i t y  Gi(x,Y) a t  each p o i n t  of t h e  f low f i e l d .  i 
i 

; Where t h e  s i n g u l a r i t i e s  of  t h e  flow f i e l d  a r e  e d d i e s ,  a s  i n  t h e  < . . 
t 

I p r e s e n t  c a s e ,  t h e  induced v e l o c i t y  a t  a p o i n t  P(x ,y)  can be c a l -  "r 
I 

c u l a t e d  w i t h  t h e  Biot-Savart  Law. For axi-symmetr ical  and two 
dimensional  f lows t h e  cor responding  equa t ions  by Kzchemann and Weber 

1 
[ I81  (p.304)  can be used. i 

: ,  
A c i r c u l a r  vo r t ex  s h e e t  r i n g  wi th  c i r c u l a t i o n  I' and r a d i u s  y ' ,  i $8. 

cen te red  a t  p o i n t  x t ,  induces  a v e l o c i t y  v e c t o r  dGi at  p o i n t  P ( x , y ) .  1 
With Eq. ( 2 . 1 )  and t h e  e l l i p t i c a l  i n t e g r a l s  K(k) and E(k), as 
de f ined  e.g. by Abramowitz and Stegun [ 2 1 ]  (p .589) ,  i n  t h e  form 

I 1 

of t a b l e s  and given by approximation equa t ions  f o r  p r a c t i c a l  a p p l i -  1 
c a t i o n ,  t h e  components f o r  dzi a r e  ob ta ined :  

f 3 



y ( s e )  ds8 1 
dui = { ~ ( k )  -[I+ 2 (Y-Y') y e  

2 u fix-x1 ) '+ ( Y + ~ * )  2 (x-x8) ' + ( y y e )  4 '~(kl) 
(2.4) 

I 
r ( s a )  ds' + 
. 21 . "r (2.5) 

and : 

y (s8 )  ds' 

dvt 
P 

2% 

y (s ' )  ds*  

(" (x-x!) ) I I I I 2 Y Y 8 '  

The argument k of t h e  e l l i p t i c a l  i n t e g r a l  i s :  

I n  t h e  case  of two d imens ional  f low t h e  c i r c u l a r  v o r t e x  s h e e t  

r i n g  i s  r ep laced  by two i n f i n i t e l y  long ,  p a r a l l e l  eddy l i n e s  of 
opposing c i r c u l a t i o n ,  pe rpend icu la r  t o  t h e  p lane  of flow.With t h e  
a b b r e v i a t i o n s  in t roduced above t h e  components of can be ob ta ined :  

y ( s 8 )  ds* 
+ 

.) 

2n 
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and: 

9 : 
"6 ; 

I n  t h i r  s e c t i s n  an e q u a t i o n  f o r  t h e  c a l c u l a t i o n  of  t h e  c i r c u -  .': : i 1. 

l a t i o n  d . s t r i b u t , i o n  y ( s ;  s h a l l  be d e r i v e d .  The d e r i v a t i o n  o f  t h i s  ?I : 8 ,,d 
e q u a t i o n  i s  c a r r i e d  sut a s  shown by Vandrey [19]. Given two p o i n t s  .I. . , 

- 
P1(xl,yl) and F,(h2,y2) a t  a d i s t a n c e  ds a p a r t  on t h e  v o r t e x  3 ... - 



s h e e t  . ( s e e  F i g . 2 ) .  Both p o i n t s  a r e  on a l o n g i t u d i n a l  c r o s s  s e c t i o n  

p lane .  An equa t ion  must now be de r ived  f o r  t h e  v a r i a t i o n  o f  t h e  
f low p o t e n t i a l  $ ( x , y )  a long t h e  o u t s i d e  of t h e  v o r t e x  s h e e t ,  

between P1 and P2. Co-responding t o  t h e  c o n s i d e r a t i o n s  of s e c t i o n  

2 .1  t h e  f low a t  t h a t  p o i n t  must be  s t a t i o n a r y .  This  c o n d i t i o n  i s  

e x t e n s i v e l y  d i scussed  i n  s e c t i o n  2.5. Therefore :  

The curve  f o r  t h e  p o t e n t i a l  f u n c t i o n  @ ( x , y )  can t h e n  be 

determined from t h e  s i q g u l a r i t i e s  a v a i l a b l e  i n  t h i s  f i e l d .  Three 
components c o n t r i b u t e  t 9  t h e  p o t e n t i a l  d i f f e r e n c e  d$ between i I p o i n t s  P1 and P p :  

5 
1. Components d$l of  t h e  eddy l a y e r  between P1 and P p  618 1 
2. Components d$2 of t h e  e n t i r e  remaining p o r t i o n  of I 

t h e  vo r t ex  shee t  

3. Component d$ of o t h e r  s i n g u l a r i t i e s  i n  t h e  f i e l d .  3 

The vor texshee tbe tween p o i n t s  PI and P2  induces  a  v e l o c i t y  

-3 i n  t h e  d i r e c t i o n  of t h e  s u r f a c e .  Therefore :  

1 
I 

The e n t i r e  r ema in ingvor t ex  &eet  induces a v e l o c i t y  cor responding  
f 

t o  Eqs. (2 .13)  and ( 2 . 1 4 ) :  1 i. 
I 

(u* dx + \+ dy) dst 



It i s  assumed t h a t  o u t s i d e  t h e v o l t e x s h e e t  a d d i t i o n a l  s i n g u l a r i t i e s  
a r e  p r e s e n t .  The v e l o c i t y  components induced by t h e s e  a r e  r e p r e s e n t e d  

A' , Y g ""3 u  dx + v dy :. . P. 

,-i " . 9 Q 1 .. 
. , +. 

I 

:A , 

S u b s t i t u t i n g  Eqs. ( 2 . 1 6 ) ,  ( 2 . 1 8 ) ~  and (2 .19)  Ln Eq.  (2 .15)  /le P .  :p,. ' 

f :' 

t h e  f o l l o w i n g  i s  ob ta ined :  "-- ' . 4 $  

<' ' , 

d ,  r l 

1 J ,.- d l - 0 - - F d s * x  y ( s B )  (u'dx + v+dy) d s B  + u dx + v dy , 5 * 9 9 
.... 1 .  

( 2 . 20 )  2 h 

3 . , 4 
d 

The independent  v a r i a b l e  x  can  now be in t roduced  i n s t e a d  of s ,  
s o  t h a t :  

(2.21)  

dS t h e  fo l lowing  i s  o b t a i n e d :  D iv id ing  E q .  (2 .20)  by 7, 
52 

Y (xB)  
(u'dx + v+dy) $- + 

u dx + v dy 
+ 2 "--A ydx' dy2 

E q ,  (2 .22)  i s  normal ized ,  by e x p r e s s i n g  a l l  l e n g t h s  r e l a t i v e  
t o  t h e  c e n t e r  l i n e  d i s t a n c e  yA of p o i n t  A ( s e e  F i g . 2 ) .  The v o r t e x  & 
s h e e t  i n t e n s i t y  y ( s )  i s  r e f e r r e d  t o  t h e  i n t e n s i t y  y(-m), be ing  t h e  
v e l o c i t y  f o r  t h e  l a y e r  i n f i n i t e l y  f a r  upstream from t h e  c o n t r a c t i o n ,  



if the contour were continued with constant cross section up to that 

point. Intensity ~ ( - 0 )  is equal to the flow in cross section 

x = xA, for reasons of continuity. Thus the following new values 

are defined: 

The Fredholm integral equation of the second order thereby 

becomes : 



I n t r o d u c i n g  t h e  h b b r e v i a t e !  forms: 

t t 
G(Cs5') { u  (C,Et)  + v C I YA 

and 

t h e  fo l lowing  i s  ob ta ined  f o r  t h e  i n t e g r a l  e q u a t i o n :  

Appendix 1 shows t h a t  G(SsS1)  r e s u l t s  i n  a  s i n g u l a r  l o c a t i o n  
f o r  6  = i n  t h e  axi-symmetr ical  c a s e .  I n  t h e  c a s e  of  a  two 
d imens iona l  f low a f i n i t e  l i m i t i n g  v a l u e  of  G(S,S1)  e x i s t s  f o r  
5 = F t s  which Is  a l s o  c a l c u l a t e d  i n  Appendix 1. 

2 . 4  T r a n s l a t i o n  of  t h e  I n t e g r a l  Equat ion  i n t o  a  System of  
L inea r  Equat ions  

The t r a n s l a t i o n  ~f t h e  i n t e g r a l  e q u a t i o n  (2 .29)  b a s i c a l l y  
fo l lows  t h e  works by Vandrey [19] and Hucho 1201. For  t h e  l a t e r  
numer ica l  t r e a t m e n t  o f  t h e  i n t e g r a l  e q u a t i o n  i t  i s  advantageous 
t o  i n t r o d u c e  a  new Independent v a r i a b l e  a .  Th i s  a l l o w s  f o r  t h e  
accumula t ion  o f  p l o t t i n g  p o i n t s  i n  a c e r t a i n  5  range  ( s e e  F i g . 4 ) .  . a  , - 
Thi s  r e s u l t s  i n :  

R ~ ~ R o D U C I B T L ~  OF 
t~Rlr,mAL PAGE 1 POOR 



4 - rJ (a) 
and 

9 - n(a) 

Der iva t ions  wi th  r e s p e c t  t o  a a r e  r e p r e s e n t e d  by a p o i n t .  

The fo l lowing a r e  now in t roduced :  

C Also : 

1 
! dC' - 1 = C @  da' 
i 

Thus t h e  i n t e g r a l  equa t ion  ( 2 . 2 9 )  becomes: 



t 

Thi s  i n t e g r a l  e q u a t i o n  must be so lved  numer i ca l ly ;  it i s  

t h e r e f o r e  t r a n s l a ~ e d  i n t o  a system of  l i n e a r  e q u a t i o n s .  The e n t i r e  
l e n g t h  o f  t h e  l a y e r  uE - a A  i s  i n i t i a l l y  d i v i d e d  i n t o  n  - s e c t i o n s  
wjCh t h e  wid th  Aa. Subsequent ly  n  e q u a t i o n s  f o r  t h e  n  v a l u e s  of 

: , 

Q a r e  d e r i v e d  from Eq.(2.34) a t  t h e  i n t e r v a l  c e n t e r s .  

Thus t h e  fo l lowing  system o f  e q u a t i o n s  i s  ob td ined  from Eq.(2.34):  

I h 

The k e r n e l  f u n c t i o n  G ( a  , a 1 )  i s  c a l c u l a t e d  f o r  each i n t e r v a l  
I 

U 
I Aa a t  s e v e r a l  p o i n t s  ( n i n e  p o i n t s  were chosen i n  t h e  a p p l i c a t i o n ) .  

The c i r c u l a t i o n  i n t e n s i t y  0 ( a 1 )  i s  c a l c u l a t e d  a t  t h e  same p o i n t s  
by means of q u a d r a t i c  i n t e r p o l a t i o n  of  t h e  Q v a l u e s  of t h e  i n t e r v a l  
c e n t e r s  from t h e  t h r e e  n e a r e s t  i n t e r v a l s  v-1, v ,  and v t l .  The 
i n t e g r a t i o n  of  t h e  i n t e g r a l  o c c u r i n g  i n  Eq . (2 .35)  i s  t h e n  c a r r i e d  
ou t  w i t h  t h e  a i d  of  t h e  Simpson r u l e .  The on ly  d e v i a t i o n  from t h i s  
r u l e  o c c u r s  a t  t h e  p o i n t  v = v i n  t h e  a x i - s y m ~ ~ l e t r i c a l  c a s e .  There 
Q i s  assumed c o n s t a n t ,  wh i l e  t h e  s o l u t i o n  from Appendix 2 i s  used 
f o r  t h e  r e s i d u a l  i n t e g r a l .  

Eq.(2.35)  r e s u l t s  i n  a  system o f  l i n e a r  e q u a t i o n s ,  d e r i v e d  
i n  Appendix 3. 

The improvement of t h i s  system of  e q u a t i o n s  r e l a t i v e  t o  t h e  
system by Hucho [ 2 0 ]  is  e x p l a i n e d  i n  F ig .3 .  Whereas Hucho r e t a i n s  
Q c o n s t a n t  a t  each  i n t e r v a l  Aa, r e s u l t i n g  i n  a  s t epped  shape  f o r  

t h e  resu1t i r .g  Q ( a )  curve ,  t h e  p r e s e n t l y  used system of e q u a t i o n s  
a l l o w s  f o r  a  con t inuous  Q ( a )  cu rve  (F ig .3 .b ) .  The d e v i a t i o n  
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of  a s t epped  cu rve  from t h e  a c t u a l  cu rve  i n c r e a s e s  w i t h  t h e  d i f f e r e n t i a l  
dQ c o e f f i c i e n t  z. Q u a d r a t i c  i n t e r p o l a t i o n  and t h e  Cimpson r u l e ,  on 

tile o t h e r  hand t a k e  i n t o  account  t h e  s l o p e  and t h e  cu rve  o f  t h e  1 i 
8 ( a )  cu rve ,  whereby t h e  e r r o r  o n l y  amounts t o  t h e  t h i rC  d e r i v a t i v e  
d 3Q . When a n  a p p r o p r i a t e  parameter  i n t e r p r e t a t i o n  ( ( a )  o f  t h e  - ,  

;. - > c o o r d i n a t e  i n  t h e  c e n t e r l i n e  d i r e c t i o n  i s  used es well as t h e  1 : 
p r e v i o u s l y  mentioned improvement , i t  r e s u l t s  i n  adequa t e  accu racy  
a t  a  number o f  p l o t t e d  p o i n t s  n  = 30-60. The accu racy  of  t h e  
r e s u l t s  f o r  t h e  Q ( a )  cu rve  i s  d i s c u s s e d  f u l l y  i n  S e c t i o n  2.6.  

I i 

2 .5  Source and S ink  Di sc s  I 

fit , 
A s y s t e m  of  l i n e a r  e q u a t i o n s  was developed i n  t h e  p r e v i o u s  

s e c t i o n  and i n  Appendix 3 ,  f o r  t h e  ca lcu1 .s t ion  of  t h e  c i r c u l a t i o n  
d i s t r i b u t i o n  o f  t h e  t u r b u l e n t  toundary  l a y e r ,  and t h e  v e l o c i t y  a 
d i s t r i b u t i o n  a t  t h e  i n s i d e .  Each l i n e  o f  t h i s  e q u a t i o n  c o n t a i n s  
t h e  e x p r e s s i o n  Q ( a  ) .  According t o  ~ q ~ ( 2 . 2 8 )  and (2 .32 ) :  

Q IJ 

.) I n  Eq. (2 .36 )  u  and v  + are t h e  d i m e n s i o n l e s s  components o f  z & 9 * 9 I 

v e l o c i t y ,  induced by t h e  s i n g u l a r i t i e s  o u t s i d e  t h e  t u r b u l e n t  l a y e r  
a t  p o i n t  ( 5 , , q , ) .  

I n  t h e  p r e s e n t  c a s e  t h e  t u r b u l e n t  l a y e r  r e p r e s e n t s  t h e  c o n t o u r  
i 
i 

o f  a wind t u n n e l  c o n t r a c t i o n ,  and p o s s i b l y  t h e  con tou r  o f  t h e  s t e a d y  

I f low r e g i o n  and t h e  tes t  l e n g t h  immediate ly  downstream. A f low s h a l l  
I 
i be gene ra t ed  i n ~ i d e  t h e s e  c o n t o u r s ,  w i t h  t h e  p r o p e r t i e s  c a l c u l a t e d  

w i th  t h e  a i d  of  t h e  system o f  e q u a t i o n s  (2 .35 ) .  However, s t e a d y  
f low s e c t i o n ,  c o n t r a c t i o n ,  and t e s t  l e n g t h  a r e  no t  i s o l a t e d ;  r a t h e r  
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behind t h e  t e s t  s e c t i o n .  For t h e  expe r imen ta l  a n a l y s i s  o f  wind i 
I t u n n e l  c c n t r a c t i o n s  i t  would be i d e a l  t o  u s e  s t r a i g h t  d u c t s  f o r  i : 

5 - 
t h e  t r a n s i t i o n  s e c t i o n s  w i t h  homogeneous v e l o c i t y  d i s t r i b u t i o n s ,  1 t 

which cannot  d i s t u r b  t h e  accu racy  of  t h e  t e s t s .  Such a  sys tem I 
.I - t . -. 

co r r e sponds  t o  t h e  approach o f  two s e m i - i n f i n i t e l y  l o n g  t u r b u l e n t  i iq 

boundary l a y e r  c y l i n d e r s ,  o r  i n  t h e  c a s e  o f  two d imens iona l  
f l ow ,  two d imens iona l  t u r b u l e n t  boundary l a y e r s  w i t h  c o n s t a n t  

+,. .- I c i r c u l a t i o n .  These t u r b u l e n t  boundary l a y e r s  can  be connec ted  
t o  t h e  t u r b u l e n t  l a y e r s  o f  v a r i a b l e  c i r c u l a t i o n  d e n s i t y  which C 

9 

have been c a l c u l a t e d  a c c o r d i n g  t o  Eq.(2.35). The t r a n s i t i o n  t a k e s  
p l a c e  s o  f a r  away from t h e  c o n t r a c t i o n ,  t h a t  t h e  d e v i a t i o n  from 

I. I 
homogeneocs f low,  r e s u l t i n g  from f low c o n t r a c t i o n ,  i s  v i r t u a l l y  I , .; ! 'I 

1 e l i m i n a t e d .  For inhomogeneous f l ow  between t u r b u l e n t  l a y e r s  w i t h  /26 
c o n s t a n t  c i r c u l a t i o n ,  t h e  k inema t i c  f low c o n d i t i o n s  a r e  no t  f u l -  
f i l l e d  a l o n g  t h e  t u r b u l e n t  l a y e r .  

6 
For numerical-mathematical  r e a s o n s  t h e  c y l i n d r i c a l  o r  two i i 1 dimens iona l  t u r b u l e n t  l a y e r s  w i t h  c o n s t a n t  c i r c u l a t i o n  d e n s i t y  a r e  

. / r e p r e s e n t e d  i n  t h e  p r e s e n t  work by a  sou rce  and s i n k  

I d i s c  w i th  c c n s t a n t  I n t e n s i t y ,  p e r p e n d i c u l a r  t o  t h e  c e n t e r  l i n e  o f  

t h e  a r rangement .  The d i s c s  r e p r e s e n t  t h e  bounda r i e s  of t h e  t u r b u -  

i l e n t  l a y e r  w i t h  v a r i a b l e  c i r c u l a t i o n  a t  t h e  beg inn ing  and t h e  end ,  
as  shown i n  F i g ,  2 .  Kcchemann and Weber [18] have shown t h a t  such  I , '  

y c o n t r a c t i o n  and expans ion  d i s c s  induce  t h e  same f low f i e l d  as  semi- $ 

3 

f i n f i n i t e l y  l o n g  t u r b u l e n t  c ' - l i n d e r s  o f  c o n s t a n t  c i r c u l a t i o n  d e n s i t y  

I ( excep t  f o r  a  c o n s t a n t  v e l o c i t y  i r i  tiie L r i t t r i o r  of  t h e  semi i n f i n -  

E. i t e l y  l o n g  c y l i n d e r s ) .  .r 

Z When a  s z m i - i n f i n i t e l y  l o n g  c y l i n d r i c a l  t u r b u l e n t  l a y e r  w i th  
i 
i c o n s t a n t  c i r c u l a t i o n  d i s t r i b u t i o n  i s  enc losed  by means of  a 

t s o u r c e  d i s c  w i t h  t h e  same i n t e n s i t y ,  a l l  v e l o c i t i e s  o u t s i d e  t h e  
3 '  
C 

c y l i n d e r  must be ze ro .  The expans ion  i s  t h e n  s u p p l i e d  on ly  from 

b t h e  t u r b u l e n t  c y l i n d e r .  



Something similar occu r s  when a n  expansion and c o n t r a c t i o n  

d i s c  a r e  connected t o  t h e  t u r b u l e n t  l a y e r s  of  v a r y i n g  c i r c u l a t i o n  
d e n s i t y ,  t h e  s ec$ ion  of  s t e a d y  f low,  t h e  c o n t r a c t i o n ,  and t h e  

tes t  l e n g t h s .  The e n t i r e  f low volume g iven  o f f  by t h e  sou rce  

d i s c  i s  t r a n s p o r t e d  th rough t h e  d u c t s  and t a k e n  up by t h e  s i n k  

d i s c  a t  t h e  end of  t h e  t e s t  s e c t i o n .  E x t e r n a l  t o  t h i s  arrangement 

t h e r e  i s  no d i s t u r b a n c e ,  p rov id ing  t h e  fo l lowing  two c o n d i t i o n s  
f 

a r e  complied w i t h :  127 r - 
' 

( a )  The e n t i r e  f low volume g iven  o f f  by t h e  sou rce  

d i s c  must be i d e n t i c a l  t o  t h e  f low volume r e c e i v e d  a t  t h e  

s i n k  d i s c .  
( b )  Steady flow s e c t i o n  and t e s t  s e c t i o n  must be l ong  

I enough t o  adequa te ly  dampen t h e  v e l o c i t y  change, due t o  

t h e  c o n t r a c t i o n .  

I f  t h e s e  c o n d i t i o n s  a r e  not  s a t i s f i e d ,  f lows  w i l l  o ccu r  i n  t h e  

, v i c i n i t y  of  t h e  d i s c s ,  o u t s i d e  t h e  c o n t r a c t i o n .  

The f i r s t  c o n d i t i o n  can be s a t i s f i e d  e a s i l y  w i th  t h e  cho ice  

I of  t h e  i n t e n s i t i e s .  Tes t  c a l c u l a t i o n s  have shown t h a t  t h e  e r r o r s  
I 
i caused by non-compliance w i t h  t h e  second c o n d i t i o n  a r e  very  minor.  

I f  e .g .  t h e  sou rce  disc i s  connected i f imediately  t o  t h e  wide 
end of t h e  c o n t r a c t i o n ,  t h e  e r r o r  r e s u l t i n g  from non-compliance 
w i t h  t h e  second c o n d i t i o n  i n  t h e  downstream p o r t i o n  of  t h e  c o n t r a c t i o n  I 

i s  no t  arithmetically s i g n i f i c a n t  (compare a l s o  S e c t i o n  2 . 6 ) .  

t t 
I n  Appendix 4 t h e  e q u a t i o n s  f o r  components u  and v  

9 9 ' 
induced on t h e  con tou r  by t h e  sou rce  dnd s i n k  d t s c s ,  ' .re d e r i v e d .  
These e q u a t i o n s  can be e n t e r e d  i n t o  Eq.(2.15) and (2 .361,  a l lowing  

t h e  system of  e q u a t i o n s  t o  be so lved .  



I 

F ~ z  t h e  numerical  computation, Fortran-IV computer programs - /28 
I were developed f o r  t h e  two dimensional  and t h e  axi-symmetrical 

cases .  These programs, t o g e t h e r  wi th  a s h o r t  i n s t r u c t i o n ,  a r e  r P 

a v a i l a b l e  a t  t i le I n s t i t u t e  f ~ r  Thermodynamics and F l u i d  Dynamics i 
a t  t h e  Ruhr-University , Bochum. 

2 .6  Accuracy of t h e  Computations 

The numerical compl ; a t i o n  of  t h e  p o t e n t i a l  f lows causes  in-  
accuracy of t h e  r e s u l t s .  Sources of  t h e s e  i n a c c u r a c i e s ,  i n  t h e  
o rde r  of t h e i r  probable  importance a r e :  

( a )  The kinematic  flow c o n d i t i o n  i s  only s a t i s f i e d  i n  a 

l i m i t e d  number of  p l o t t i n g  p o i n t s .  

( b )  Tho c a l c u l a t e d  t u r b u l e n t  l a y e r  of v a r i a b l e  c i r c u l a t i o n  
has  only a  f i n i t e  l e n g t h .  O u ~ s i d e  t h i s  l e n g t h  t h e  c y l i n d r i c a l  
d u c t s  a r e  s imula ted  l e s s  a c c u r a t e l y  w i t h  i n c r e a s i n g  inhomo- 

gene i ty  of t h e  v e l o c i t y  p r o f i l e  i n  t h e  e x i t  c r o s s  s e c t i o n .  

( c )  A l i n e a r  system of  e lda t ions  with up t o  70  equa t ions  
i s  numerica,,y not  f u l l y  solved.  For t h e  s o l u t j o n  t h e  
modified subrou t ine  GLD 4 of  t h e  German computer c e n t e r ,  
Carmstadt,  i s  used. 

( d )  I n  c a l c u l a t i n g  t h e  t h i c k n e s s  of t h e  v o r t e x  s h e e t ,  
i n d i v i d u a l  p o i n t s  occur  whose e f f e c t  a r e  only t a k e n  i n t o  
c o n s i d e r a t i o n  by approximation. 1 2 9  - 
( e )  The i n t e g r a l  obta ined  i n  Eq.(2.35) i s  only computed 
by approximation with t h e  Simpson r u l e .  
( f )  The contour  curve q ( a )  and c ( a ) ,  as w e l l  a s  t h e  
d e r i v a t i v e s  :, 6, 6 ,  5 a r e  determined on t h e  contour  
:,,ated by p o i n t s ,  w i th  t h e  a i d  of t h e  Newton i n t e r p o l a t i o n  

met hod. 

( g )  The e l l i p t i c a l  i n t e g r a l s  a r e  c a l c ~ l a t e d  only by 
t -8 

approximation equa t ions  t o  an accuracy -2 1 0  . 



The a g g r e g a t e  o f  t h e s e  i n a c c u r a c i e s  must be kep t  sma l l  enough, 

no t  t o  e s s e n t i a l l y  a f f e c t  t h e  accuracy  of t h e  con tou r  op t ima t ion  

p r o c e s s  d e s c r i b e d  i n  t h e  f o l l o w i n g  c h a p t e r s .  

The curve  f o r  t h e  con tou r  v e l o c i t y  w(5) s h a l l  s e r v e  a s  t h e  

b a s i s  f o r  t h e  boundary l a y e r  c a l c u l a t i o n .  The maximum a l l o w a b l e  
e r r o r ,  t h e r e f o r e ,  i s  : 

The maximum a l lowble  e r r o r  f o r  t h e  v e l o c i t y  p r o f i l e  u ( q )  a t  
t h e  e x i t  c r o s s  s e c t i o n  of  t h e  c o n t r a c t i o n s  amounts t o :  

Comparative computat ions  w i t h  e s s e n t i a l l y  morz a c c u r a t e  1 .  
I 

~ o t e n t i a t  f l e w s  were c a r r i e d  ou t  i n  o r d e r  t o  t e s t  whether t h e s e  
? 

t o l e r a n c e  l i m i t s  can be adhered t o .  A s i n g l e  v o r t e x  r i n g  o r  two % 
$ 

p a r a l l e l  v o r t e x  f i l a m e n t s  a r e  made t o  f low un i fo rmly ,  p e r p e n d i c u l a r  /30 2 4 
t o  t h e  p l ane .  I n  each case  one of  t h e  f low l i n e s  t h u s  caused was 
used as t h e  contour  flow l i n e  ( F i g . 6 ) .  The cu rve  f o r  t h e s e  f low I 
l i n e s  a t  t h e  v e l o c i t i e s  a l o n g  them (F ' ig .7)  can  be computed numeri- 

c a l l y  a s  a c c u r a t e l y  a s  d e s i r e d .  The flow l i n e  cu rve  of  F ig .6 ,  t h u s  , .I 
.h 
c 

o b t a i n e d ,  was s t a t e d  f o r  t h e  v o r t e x  sheet-computer progrsl? between 
t h e  l i m i t s  -2 < 6 < 2 .  The f lows  cannot  be compared c l o s e  t o  t h e  8 '2 
l i m i t s ,  s i n c e  t h e  program s i m u l a t e s  s e m i - i n f i n i t e l y  l o n g  two ,j" 

dimens iona l  l a y e r s  o r  s e m i - i n f i n i t e l y  l ong  c i r c u l a r - c y l i n d e r i c a l  a 

d u c t s ,  whereas t h e  f l ow s imu la t ed  by t h e  v o r t e x  r i n g  only  has  i 
'?$ 

symmetry-paral le l  f low l i n e s  i n  t h e  i n f i n i t e  dimension.  Outs ide  4 %  
'$5 

t h i s  i n i t i a l  a r e a ,  t h e  f low l i n e s  neve r  d e v i a t e d  more t h a n  4 

,i 
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w i t h  a n  ave rage  a r e a  o f :  

I 

? between t h e  r e s u l t s  of t h e  two methods. I n  t h i s  c a s e  on ly  70 p l o t t i n g  1 
? 

p o i n t s  were used ,  t h e  r ange  -2 < < < 0, approximate ly  co r r e spond ing  /31; 

t o  t h e  wind t u n n e l  c o n t r a c t i o n ,  on ly  i s  covered by 35 p l o t t i n g  p o i n t s .  
P I Furthermore,  no accumula t ion  of  p l o t t i n g  p o i n t s  i n  a r e a s  o f  g r e a t e r  

v e l o c i t y  v a r i a t i o n s  were u sed ,  a  method by which t h e  accu racy  could  ? 
have been f u r t h e r  i n c r e a s e d .  

2 

Also t h e  v e l o c l t y  p ~ n o f i l e s  a t  t h e  p o i n t  5 = 0 remained w i t h i n  1 

i 

t h e  t o l e r a n c e  l i m i t s  ( 2 .38 ) .  It can  be assumed t h a t  i n  t h e  c a s e  4 
I ! of c o n t r a c t i o n  c a l c ~ l a t i o n  d e s c r i b e d  i n  Chapter  4 ,  t h e  e r r o r s  w i l l  i 

! 
! be even l e s s  t h a n  i n  t h e  t e s t  c a l c u l a t i o n s ,  s i n c e  a  g r e a t e r  

I p l o t t i n g  p o i n t  d e n s i t y  i s  used f o r  t h e  p r o f i l e  i n  t h e  a r e a s  w i t h  f ; 

g r e a t e r  v a r i a t i o n  i n  con tou r  v e l o c i t y .  1 
1 
1 
i , 5 



3. Boundary Layer 

3 .1  L i t e r a t u r e  P e r t a i - i n g  t o  Boundary Layers  i n  Wind Tunnel 
C o n t r a c t i o n s  

The works about  wind t u n n e l  c o n t r a c t i o n s ,  c i t e d  i n  Chapter  1, 

e i t h e r  do n o t  concern themselves  w i t h  boundary l a y e r s ,  o r  o n l y  1 
i 

marg ina l ly .  I n  most c a s e s  t h i s  i s  j u s t i f i e d  wi th  a r e f e r e n c e  t o  f ;~ 
d 4 :  

4 monotonica l ly  i n c r e a s i n g  v e l o c i t i e s  a l o n g  t h e  con tou r ,  r e t a i n i n g  
t h e  i n t e g r i t y  of  t h e  boundary l a y e r s .  1 

1 
S 

Batche lo r  and Shaw [17] r e p o r t  a  c a l c u l a t i o n  o f  t h e  boundary ! 
'1 .t 

l a y e r ,  however, no r e l i a b l e  r e s u l t s  could  be ob ta ined  w i t h  t h i s  8 

method. For t h i s  r e a s o n ,  Ba tche lo r  and Shaw [17]  s e l e c t e d  a  
3 

c o n t r a c t i o n ,  i n  which t h e  maximum p r e s s u r e  i n c r e a s e  i s  e q u a l  t o  i: 6 

? 
t h a t  i n  a d i f f u s e r  w i t h  3.5' ha l f -opening  a n g l e  ( s e e  Chapter  1). i 
A s  i n  such  d i f f u s e r s  t h e  boundary l a y e r  i s  known n o t  t o  s e p a r a t e ,  f 

a 
an  equa l  p r e s s u r e  g r a d i e n t  was a l s o  cons ide red  t o  be harmless  4 
i n  t h e  c a s e  of  wind t u n n e l  c o n t r a c t i o n  boundary l a y e r s .  Ba tche lo r  $ 

6 - and Shaw i n t e r p r e t e d  an a r e &  o f  p r e s s u r e  i n c r e a s e  a t  t h e  downstream -Y 3 
s e c t i o n  o f  t h e  c o n t r a c t i o n  a s  a  c a l c u l a t i o n  e r r o r .  d g - 

WhLtehead, Wu and Waters [I] al lowed two aTeas of  p r e s s u r e  
i n c r e a s e  i n  t h e i r  method, a s  can be seen  i n  F i g . 1  f o r  t h e  b a s i c  t 

v e l o c i t y  curve .  Although i n  many c o n t r a c t i o n s  c l o s e  t o  t h e  1 ' -  
e n t r y  c r o s s  s e c t i o n  boundary l a y e r  s e p a r a t i o n  and s!>.bsequent 8 .'+ 

3 
v a r i a t i o n s  i n  t h e  f low v e l o c i t y  occu r ,  t h i s  danger  was &voided by :,* 

Whitehead, Wu and Waters,  by s e l e c t i n g  a very  g r a d u a l  t r a n s i t i o n  
o f  t h e  c r o s s  s e c t i o n  st t h e  beg inn ing  of t h e  c o n t r a c t i o n .  Also 
i n  t h i s  c a s e  no boundary l a y e r  computat ion was a t t empted .  The 

a u t h o r s  s o l e l y  recommended t o  compensate f o r  t h e  d i sp lacement  

e f f e c t  of t h e  boundary l a y e r  by a  s l i g h t  outward d e v i a t i o n  o f  t h e  
. . c o n t r a c t i o n  w a l l s .  



3.2 P r o p e r t i e s  o f  Wind Tunnel Boundary Layers  

i : 
The boundary l a y e r s  of a l l  wind t u n n e l  c o n t r a c t i o n s  have s e v e r a l  1 

I 

I 
p r o p e r t i e s  i n  common. These p r o p e r t i e s  s h a l l  be d e s c r i b e d  i n  t h e  I - 
fo l lowing .  Th i s  w i l l  r e s u l t  i n  c o n c l u ~ i o n s  p e r t a i n i n g  t o  t h e  cho ice  I ': 

I of  an a p p r o p r i a t e  boundary l a y e r  computa t iona l  method, a s  w e l l  a s  i 
t h e  c h o i c e  of  r e a l i s t i c  i n i t i a l  and a d d i t i c r ~ i l  c c n d i t i o n s ,  and a  li f t  

c r i t i c a l  a n h l y s i s  o f  t h e  r e s u l t s  o f  t h e  computat ion.  

3 .2 .1  - S t r u c z u r e  o f  t h e  Boundary Layer Downstream 

from a Screen  - -. 
i 

The boundary l a y e r  i n  a  wind t u n n e l  c o n t r a c t i o n  d i f f e r s  from i 
f 

s o l i d  bod ie s  surrounded by f low,  o r  t u n n e l  f lows  from a  r e s e r v o i r ,  I 
i 
1! 

i n  t h a t  t h e r e  i s  no d e f i n e d  i n i t i a l  p o i n t .  I 

i 
All c l o s e d  c i r c u i t  wind t u n n e l s  have a c y l i n d r i c a l  s t e a d y  J 

i 
flow s e c t i o n  upstream of  t h e  c o n t r a c t i o n ,  of  l e s s e r  o r  g r e a t e r  4 
l e n g t h ,  preceded by a  number of s c r e e n s  and a r e c t i f i e r  f o r  t h e  '. . 

homogenization of  t h e  f low v e l o c i t y  w i t h  r e s p e c t  t o  q u a n t i t y  and 
9 
d 
Z 

d i r e c t i o n .  Downstream o f  t h e  l a s t  s c r e e n  t h e  f low i s  h i g h l y  .i 1 
t u r b u l e n t ,  w i t h  v o r t e x e s  w i t h  d i a m e t e r s  i n  t h e  r ange  of magnitude 

between t h e  d i a m e t e r  of  t h e  s c r e e n  wire d i a m e t e r ,  and t h e  mesh 
t LA!! h 

s i z e .  The v o r t e x e s  of t h e  Karman v o r t e x  s t r e e t  i n c r e a s e  down- 
s t r eam of  t h e  s c ree -  wires a s  t h e y  a r e  c a r r i e d  downstream, u n t i l  
t hey  o v e r l a p  t h e  neV.ghboring v o r t e x e s ,  caus ing  them t o  c a n c e l  

i! 

one a n o t h e r  o u t .  Th i s  p r o c e s s  r e p r e s e n t s  t h e  d e s i r e d  impulse- 7 

homogenization e f f e c t .  According t o  t h i s  e f f e c t ,  no v o r t e x e s  can  ,i 
be c r e a t e d  independent  from ne ighbor ing  v o r t e x e s  whose magnitude k 

4 
b 

i s  l r ~  e x c e s s  of t h o s e  c r e a t e d  by t h e  s c r e e n  mesh (compare Bradshaw ,$ 

C221) 
f . . 

A boundary l a y e r ,  l o c a t e d  a long  t h e  w a l l  under  such a f low,  

i s  involved  i n  t;le homogenization p r o c e s s .  The s c r e e n  v o r t e x e s  

r 
4 
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" .  a f f e c t  an  impulse  t r a n s p o r t  from t h e  c e n t e r  o f  t h e  f l ow i n t o  t h e  
boundary l a y e r .  The boundary l a y e r  t h e r e f o r e  becomes very  t h i n .  

The wall can a t t e n u a t e  t h e  t u r b u l e n t  f low i n  i t s  v i c i n i t y  t o  such  
a n  e x t e n t ,  t h a t  it can be s a i d  a w a l l - p a r a l l e l  f low r e s u l t s .  . Only 
when t h e  v o r t e x e s  i n  t h e  c e n t e r  o f  t h e  f low d e c r e a s e  as t h e y  a r e  

c a r r i e d  :hrough t h e  s t e a d y  f low s e c t i o n ,  a boundary l a y e r  can  de- 
v e l o p  aga in .  Due t o  i t s  o r i g i n  t h i s  boundary l a y e r  i s  c e r t a i n l y  
t u r b u l e n t .  A normal t u r b u l e n t  boundary l a y e r ,  i s  d e f i n e d  h e r e  

a s  one,  c o n s i s t i n g  o f  a l amina r  lower l a y e r  c l o s e  t o  t h e  w a l l ,  
fo l lowed by a l a y e r  o f  i n c r e a s i n g  t u r b u l e n c e  ( a p p l i c a b i l i t y  a r e a  
o f  t h e  u n i v e r s a l  boundary e f f e c t ) ,  a l a y e r  of t u r b u l e n c e  o f  t h e  

I same magnitude a s  t h e  boundary l a y e r  t h i c k n e s s ,  and f i n a l l y  an  /35 1 , 
- 

i n t e r r u p t e d  zone,  bounding a c o n s t a n t  cL~re - f low.  I 
t 

I ! 

3 .2 .2  I n i t i a l  Condi t ions  f o r  a Boundary Layer Computation 

. . 

* 
5 '  ;'- Under t h e  c i r cums tances  j u s t  d e s c r i b e d ,  i t  i s  c e r t a i l ~ l y  

I 
i imposs ib l e  t o  i n d i c a t e  a p o i n t ,  a t  which t h e  boundary l a y e r  para-  

I me te r s  a r e  adequa te ly  known t o  be used a s  a b a s i s  f o r  a boundary 1 .  
I 

l a y e r  computat ion.  However, t h e r e  a r e  a l s o  s i t u a t i o n s  where t h e  i 

11 boundary l a y e r  downstream of t h e  s c r e e n  i s  ve ry  t h i n .  Very t h i n  
i 

t i s  unders tood  t o  mean: t h e i r  dimensions a r e  s m a l l  r e l a t i v e  t o  
i 

1 t h e  l e n g t h  o f  t h e  p a t h ,  r e q u i r e d  f o r  t h e  core-flow t o  be s i g n i f i -  
i c a n t l y  modif ied.  Cont ra ry  t o  t h i c k  boundary l a y e r s ,  such  t h i n  ! 
i 

j boundary l a y e r s  a r e  p r a c t i c a l l y  s o l e l y  dependent on l o c a l  condi-  

i t i o n s  ( p r e s s u r e - g r a d i e n t ,  c o r e  v e l o c i t y ,  and ,  i n  t h e  c a s e  o f  
axi-symmetr ical  f low, a l s o  t h e  l o c a l  c o n t r a c t i c n ) .  D i s tu rbances  

o r  o t h e r  e f f e c t s ,  l o c a t e d  upstream o f  t h e  boundary l a y e r ,  a f f e c t  
i t  on ly  i n s i g n i f i c a n t l y  downstream. 

I 

: , Th is  phenomenon can be w e l l  exp la ined  w i t h  t h e  vortex-model 
i n t roduced  by Bradshaw [ 2 3 ] .  According t o  t h i s  model, boundary 

l a y e r  t u r b u l e n c e  o r i g i n a t e  a s  small v o r t e x e s  a t  t h e  e x t r e m i t i e s  



o f  t h e  l amina r  lower  l a y e r .  Due t o  t h e  cumula t i ve  e f f e c t  o f  l a t e r a l  

V e l o c i t y ,  v i s c o s i t y ,  and t h e  wall, c e r t a i n  v o r t e x  f r e q u e n c i e s  a r e  
a t t e n u a t e d  less t h a n  o t h e r s .  Vor texes  o f  t h e s e  f r e q u e n c i e s  i n -  

c r e a s e  and abso rb  t h e  energy  of  o t h e r  v o r t e x e s .  During t h i s  136 - 
i n c r e a s e  i n  magnitude t h e y  a r e  r e p u l s e d  from t h e  v i c i n i t y  o f  t h e  

w a l l .  Frequency and i n c r e a s e  a r e  a f f e c t e d  by t h e  l o c a l  p r e s s u r e  

g r a d i e n t s ,  and t h e  e x t e r n a l  v e l o c i t y  ( o r  t h e  v e l o c i t y  o f  ne ighbor ing  
v o r t e x e s ) .  When t h e  v o r t e x e s  have reached  t h e  o u t e r  zone o f  t h e  
boundary l a y e r ,  and have r eached  t h e  s i z e  of  t h e  boundary l a y e r  

t h i c k n e s s ,  the  d i s i n t e g r a t i o n  sets i n .  The v o r t e x e s  d i s s o l v e  i n  
many s m a l l e r  mixed a i r  p a r t i c l e s ,  which p a r t l y  d i s s i p a t e ,  and p a r t l y  
add t h e i r  energy t o  o t h e r  v o r t e x e s .  A s  t h e  v o r t e x  growth i s  l i m i t e d  

by t h e  boundary l a y e r  t h i c k n e s s ,  v o r t e x  c r e a t i o n  and d i s i n t e g r a t i o n  

f o l l o w  one a n o t h e r  more r a p i d l y  a s  t h e  boundary l a y e r  d e c r e a s e s  i n  
t h i c k n e s s .  S ince ,  on t h e  o t h e r  hand, t h e s e  v o r t e x e s  c a r r y  t h e  
boundary l a y e r  p r o p e r t i e s ,  which t h e y  have absorbed  d u r i n g  t h e i r  
growth ( f requency ,  ene rgy )  downstream; t h i s  t r a n s p o r t  d e c r e a s e s  

w i th  d e c r e a s i n g  l i f e  of t h e  v o r t e x e s .  S e v e r a l  independent  boundary 

l a y e r - t h i c k n e s s  computa t ion  methods have shown t h a t  t h e  e f f e c t  
o f  i n i t i a l  c o n d i t i o n s  on t h e  p a t h  of  t h e  boundary l a y e r  i n  a  
wind t u n n e l  c o n t r a c t i o n  i s  i n s i g n i f i c a n t ,  p r o v i d i n g  t h e  i n i t i a l  
boundary l a y e r - t h i c k n e s s  i s  s e l e c t e d  s m a l l .  From t h i s  i t  can  be 

concluded, t h a t  a  r e a l i s t i c  boundary l a y e r  p a t h  r e s u l t s  f o r  a  wind 
t u n n e l  c o n t r a c t i o n ,  if a s u i t a b l e  compu ta t i ona l  method w i t h  a r b i -  
t r a r y  i n i t i a l  pa rame te r s ,  bu t  very  s m a l l  i n i t i a l  boundary l a y e r -  
t h i c k r e s s  ?.s i n i t i a t e d  l o c a l  t o  t h e  l a s t  homogenizat ion s c r e e n .  



3.2.3  Zones o f  Varying Boundary Layer' Behavior 

F i g u r e  8 shows a  t y p i c a l  p r e s s u r e ,  and boundary l a y e r  cu rve  
f o r  a wind t u n n e l  c o n t r a c t i o n .  A t  t h e  e n t r y  p o i n t  of  t h e  f l ow 
i n t o  t h e  c o n t r a c t i o n  a  weak p r e s s u r e  i n c r e a s e  e x i s t s .  T h i s  p re s -  

s u r e  i n c r e a s e  a l s o  o c c u r s  upstream o f  t h e  c o n t r a c t i o n  a l o n g  t h e  

c y l i n d r i c a l  o r  s t r a i g h t  w a l l s  of  t h e  s t e a d y  f low s e c t i o n .  There 
t h e  f low i s  i n i t i a l l y  slowed, whereas i t  i s  i n c r e a s e d  i n  v e l o c i t y  
n e a r  t h e  c e n t e r l i n e  of t h e  s t e a d y  f low s e c t i o n  and t h e  e n t r y  t o  

t h e  c o n t r a c t i o n .  The p r e s s u r e  g r a d i e n t  a long  t h e  wall d e c r e a s e s ,  
 wit;^ i n c r e a s i n g  l e n g t h  of  t h e  s t e a d y  f low s e c t i o n .  A t  any r a t e ,  

t h e  boundary l a y e r - t h i c k n e s s  i n c r e a s e s  s i g n i f i c a n t l y  i n  t h i s  a r e a .  

I n  t h e  c a s e  of  c o n t r a c t i o n s  which c o n t r a c t  c l o s e  c o  t h e  e n t r y  p o i n t ,  
t h e  boundary l a y e r  can  be s e p a r a t e d  comple te ly .  

S h o r t l y  b e f o r e  t h e  contour - invzys ion  p o i n t  WP i s  r eached ,  
t h e  a c c e l e r a t i o n  o f  t h e  e n t i r e  f low a l s o  a f f e c t s  t h e  zone c l o s e  
t o  t h e  w a l l ,  s u b j e c t  t o  a  s t r o n g  p r e s s u r e  d e c r e a s e .  The boundary 
l a y e r  a g a i n  d e c r e a s e s  i n  t h i c k n e s s  and becomes l e s s  s u b j e c t  t o  
s e p a r a t i o n .  This  can  be recognized  i n  F ig .8  by t h e  g r e a t  
c c n t o u r - v e l o c i t y  g r a d i e n t s .  A t  s t r o n g  a c c e l e r a t i o n  of  t h e  f low 
c l o s e  t o  t h e  w a l l ,  it i s  even p o s s i b l e  t h a t  t h e  b o ~ , l d a r y  layer 

becomes l amina r  aga in .  The problems caused by t h i s  e f f e c t  on t h e  
c a l c u l a t i o n  of such  boundary l a y e r  t h i c k n e s s e s  w i l l  be d i s c u s s e d  
e x t e n s i v e l y  i n  S e c t i o n  3.3,  

It h a s  been d e s c r i b e d  ah??, how t h e  t u r b u l e n t  boundary 138  - 
l a y e r s  c a r r y  t h e  boundar!; l a y e r  p r o p e r t i e s  downstream. Daring t h e  
a c c e l e r a t i o n  n e a r  t h e  midpoint of  t h e  c o n t r a c t i o n  con tou r ,  t h e  

boundary l a y e r  becomes very  t h i n .  Correspondingly ,  t h i s  p a r t  o f  

t h e  boundary l a y e r  p a r t l y  t r a n s m i t s  any p r o p e r t i e s  o f  t h e  v e l o c i t y -  
p r o f i l e ,  t h e  f r i c t i o n  p r o f i l e ,  o r  t h e  t u r b u l e n c e - s t r u c t u r e .  The 

h i s t o r y  of t h e  boundary l 2 y e r  i s  l a r g e l y  n e u t r a l i z e d  by t h i s  
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,T, . , 1 a c c e l e r a t i o n  a r e a .  Th i s  p r o p e r t y  o f  t h e  boundary l a y e r  i s  e s p e c i a l l y  i * I 
I 
I 

I impor tan t  f o r  t h e  d imens iona l  method o f  t h e  p r e s e n t  work, because 
# '  C z 
I 1  i t e n a b l e s  u s  t o  make s t a t e m e n t s  about  t h e  behavior  of  t h e  boundary 4 .  

* I .  

l a y e r  i n  t h e  e x i t  f l ow o f  a  wind t u n n e l  c o n t r a c t i o n ,  a l t h o u g h  t h e  
r %. '* ' 3  ' :  . 1 behavior  o f  t h e  boundary l a y e r  i n  t h e  supply  a r e a  I s  no t  known. 

i A. 

< 
I Whereas, a s  t h e  a c c e l e r a t i o n  d e c r e a s e s  towards t h e  e x i t  o f  t h e  

_ *  * - -  -1 
tor-traction ( i . e . ,  t h e  a b s o l u t e  v a l u e  of t h e  n e g a t i v e  p r e s s u r e  ti 

I I g r a d i e n t ) ,  t h e  boundary l a y e r  t h i c k n e s s  i n c r e a s e s  a g a i n ,  Thus t h e  i' 2 3 C 
a c c e l e r a t i o n  o f  t h e  f low i s  g e n e r a l l y  no t  a s s o c i a t e d  wi th  an  i n -  i i 

- * ' ! i c r e a s i n g  boundary l a y e r  t h i c k n e s s .  Ra ther  it on ly  occu r s  w i t h  a  1 .; 

I 3 .Y, 
d e c r e a s i n g  boundary l a y e r  t h i c k n e s s ,  when t h e  a c c e l e r a t i o n  exceeds  i i 

I a  c e r t a i n  v a l u e .  Th i s  v s l u e  i n c r e a s e s  w i t h  h i g h e r  i n t e n s i t y  and 

l e s s e r  t h i c k n e s s  of  t h e  boundary l a y e r .  

1 4 \ 

A t  t h e  c o n t r a c t i o n  e x i t  t h e r e  i s  a  s h o r t  s e c t i o n  where t h e  

p r e s s u r e  a g a i n  i n c r e a s e s  s i g n i f i c a n t l y .  Correspondingly t h e  boun- i I 
4 

I da ry  l a y e r  t h e r e  t h i c k e n s  c o n s i d e r a b l y  and a g a i n  t h e  danger  of  ; I 
I 

j boundary l a y e r . . s e p a r a t  i o n  occu r s .  
! 

3.3 Requirements o f  t h e  Boundary Layer S e p a r a t i o n  

I 

I n  connec t ion  w i t h  t h e  d imens iona l  d e t e r m i n a t i o n  of  a wind 
t u n n e l  c o n t r a c t i o n  it i s  no t  neces sa ry  t o  know a l l  p r o p e r t i e s  o f  
t h e  boundary l a y e r .  Boundary ' a y e r  s e p a r a t i o n s  must s o l e l y  supply  
answers t o  t h e  fo l lowing  q u e s t i o n s :  

( 1 )  How s a f e  a g a i n s t  s e p a r a t i o n  i n  t h e  pressu l -e - increase  
zone i s  t h e  boundary l a y e r ?  

! ( 2 )  To what e x t e n t  i s  t h e  core-f low d i s p l a c e d  by t h e  
boundary l a y e r ?  



3.3.1 Freedom from S e p a r a t i o n  

An i n d i c a t i o n  of t h e  e x t e n t  t o  which a boundary l a y e r  i s  pro-  
t e c t e d  f rom s e p a r a t i o n ,  i s  t h e  w a l l - f r i c t i o n  f o r c e  rw. It i s  
common t o  i n d i c a t e  i t  i n  t h e  form o f  a d i m e n s i o n l e s s  w a l l - f r i c t i o n  

c o e f f i c i e n t  c f :  

4 + j The w a l l - f r i c t i o n  c o e f f i c i e n t  c f  i s  a f u n c t i o n  o f  t h e  geometry  
and t h e  Reynolds-number. The c a l c u l a t i o n s  have shown t h a t  t h e  

I 
i 

a f f e c t  on c f  of t h e  Reynolds-number c a n  be  i g n o r e d .  Only a  r e l a -  
i t i v e l y  narrow r a n g e  o f  Reynolds-numbers a p g i e s  t o  wind t u n n e l  i, i 

I c o n t r a c t i o n s .  I n  t h i s  r a n g e  cf  v a r i e s  v e r y  l i t t l e .  

I Boundary l a y e r  s e p a r a t i o n  s e t s  i n  when c f  e q u a l s  z e r o .  I n  
i 
i wind t u n n e l  c o n t r a c t i o n s  maximal c f - v a l u e s  o f  
J 

i c 0.007 ( 3 . 2 )  
i fmax 
: o c c u r  i n  t h e  a r e a  o f  t h e  g r e a t e s t  f low a . c c e l e r a t i o n .  A s  o u t l i n e d  
'i 

1 i n  t h e  d e s c r i p t i o n  of t h e  p r e v i o u s  s e c t i o n ,  t h e  s e p a r a t i o n  must i. .: 
f $ 'i 

6 be avo ided  i n  t h e  f i r s t  a r e a  o f  i n c r e a s i n g  p r e s s u r e ,  T h e r e f o r e ,  
i, 

i minimum v a l u e s  f o r  cf  o f  L I 

,$ 

c  > 0 . 0 0 2  ( 3 . 3 )  5 

f l  1 

B 
shou ld  be  adhered  t o  i n  t h i s  a r e a  f o r  t h e  d i m e n s i o n a l  de t e rmina -  ! .. 
t i o n s  d e s c r i b e d  i n  Chap te r  4 .  T h i s  r e l a t i v e l y  h i g h  l i m i t i n g  v a l u e  

A + .  r'i 
f 

t a k e s  i n t o  c o n s i d e r a t i o n  t h e  i n a c c u r a c y ,  s t i l l  i n h e r e n t  i n  a l l  3 

boundary l a y e r  c a l c u l a t i o n s  (compare e . g . ,  K l i ne  e t  a 1  [ 2 4 ]  and 
2 

4 
Cole s  and Hirst [ 2 5 ] ) .  -, . , _  t- 



C a l c u l a t i o n s  have demons t ra ted ,  t h a t  t h e  freedom from 
s e p a r a t i o n  i n c r e a s e s ,  w i t h  a  s h o r t e r  c o n s t a n t  f l ow  s e c t i o n  up- 
s t r eam o f  t h e  c o n t r a c t i o n .  To avo id  s e p a r a t i o n  even i n  t h e  l e a s t  ! 

3 
f a v o r a b l e  c a s e s ,  a l l  c o n t r a c t i o n  boundary l a y e r s  o f  t h e  supp ly  - 

r t! 
f l ows  a r e  c a l c u l a t e d  f o r  t h e  c o n s t a n t  f l ow  s e c t i o n  LB - qA 

(qA,  s e e  F i g . 2 ) ,  a s  recommended by Pope and Harper [34 J ( p . 6 6 ) .  i? 
i t :  

The second a r e a  of i nc r8eas ing  p r e s s u r e  has  much s t e e p e r  p r e s -  3 " 

s u r e  g r a d i e n t s  t h a n  t h e  f i rs t  one.  From [ 2 4 ]  and [25] i t  can  be 1 
; 

seen  t h a t  t h i s  a l s o  i n c r e a s e s  t h e  i naccu racy  of  t h e  boundary l a y e r  
c a l c u l a t i o n s .  An a d d i t i o n a l  r e a s o n  f o r  t h e  i naccu racy  o f  t h e  1% i 

'i C 
4 t boundary l a y e r  d e t e r m i n a t i o n  i n  t h i s  a r e a  i s  t h e  p o s s i b i l i t y  t h a t  

i n  t h e  p r e v i o u s  a c c e l e r a t i o n  a r e a  l a m i n a t i o n  c f  t h e  boundary l a y e r  I 

may have t a k e n  p l a c e  a g a i n .  There  a r e  s e v e r a l  c r i t e r i a  f o r  t h e  

r e t u r n  t o  a  l amina r  p a t t e r n .  Bradshaw [26] summarizes t h e s e  
c r i t e r i a .  For t h e  i n i t i a t i o n  of  t h e  r e t u r n  t o  a  l amina r  p a t t e r n  
t h e  c o n d i t i o n :  t 

t 
I 

' i ": 
It i s  no t  y e t  f u l l y  known how l amina r  boundary l a y e r s  behave. , r Research i s  underway t o  a c c u r a t e l y  a n a l y z e  such  boundary l a y e r s .  A 

L 

R e s u l t s  a r e  p r e s e n t l y  a v a i l a b l e ,  e .g .  by B r i n i c h  and Neumann [27 ] ,  
;j 
;.t 
Y 

and Narasimha e t  a l .  [28].  It can  be assumed t h a t  boundary l a y e r s  '9 4 

1 r e t u r n e d  t o  a l amina r  p a t t e r n ,  a s  l amina r  boundary l a y e r s  i r ~  g e n e r a l ,  i 
E 1 

I 
whic t  have p r e v i o u s l y  been a c c e l e r a t e d  c o n s i d e r a b l y ,  r e t u r n  t o  

2 
2 
3 

t h e  t u r b u l e n t  p a t t e r n  very  r a p i d l y ,  a s  soon as p r e s s u r e  d e c r e a s e  
i s  e l i m i n a t e d  ( s e e  e .g .  Walz [29] ,  p.158, and an o r a l  r e p o r t  by 

P r o f .  Narasimha).  

3 4 



i ' 

,,.. 

No r e l i a b l e  r e s u l t s  can  t h e r e f o r e  be expec ted  from c a l c u l a t i o n s  
o f  t h e  c o n t r a c t i o n  boundary l a y e r s ,  whenever a v a l u e  l e s s  t h a n  t h e  
l i m i t i n g  v a l u e  (3 .4 )  i s  reached .  When p r e s s u r e  i n c r e a s e  s e t s  i n  

. ' I a g a i n ,  t h e  boundary l a y e r  c e r t a i n l y  i s  very  t h i n .  Corresponding 
'. t c  t h e  c o n s i d e r a t i o n s  i n  S e c t i o n  3.2 t h e  curve  f o r  a t h i n  boundary I R 

l a y e r  i s  l a r g e l y  independent  from t h e  i n i t i a l  c o n d i t i o n s  chosen.  
4 

It i s  t h e r e f o r e  p o s s i b l e  t o  r e - i n i t i a t e  t h e  c a l c u l a t i o n  f o r  t h e  
f 

f t u r b u l e n t  boundary l a y e r  w i t h  very  minor boundary l a y e r  t h i c k n e s s  
i a t  t h e  p o i n t  of  renewed p r e s s u r e  i n c r e a s e  downstream o f  t h e  /42  4 

a c c e l e r a t i o n  a r e a .  Due t o  t h e  r e l a t i v e l y  c o n s i d e r a b l e  uncer ta in ty-  i 
f 
i of t h e  r e s u l t s  s o  c a l c u l a t e d ,  an  even h i g h e r  minimal v a l u e  f o r  , 

t h e  w a l l  f r l c t i o r ~  c c e f f i c i e n t  c f  should  be s e l e c t e d  t h a n  i s  t h e  
c a s e  i n  t h e  f i : ~ s t  a r e a :  

I 

When comparing t h e  maximum w a l l  f r i c t i o n  c o e f f i c i e n t  c, from . . 
Eq. ( 3 . 2 )  w i t h  t h e  lower l i m i t i n g  valdec c  and c  

f l  2 

Eq . (3 .3 )  and (2.51,  it w i l l  be  n o t i c e d  t h a t  a t  a  r e l a t i v e l y  i n a c c u r a t e  
d e t e r m i n a t i o n  of  cf  a  g r e a t  deg ree  of  freedom from s e p a r a t i o n  of  
t h e  boundary l a y e r  ( c  = 0 )  i s  p r e s e n t .  

f ~ b  

3 .3 .2  Displacement 

The d imen. lona1  coinputation method f o r  wind t u n n e l  c o n t r a c t i o n s ,  
d e s c r i b e d  i n  Chapter  4 ,  i s  based on t h e  c a l c u l a t i o n  of  t h e  poten-  
t i a l - f l o w  i n  s p e c i f i e d  c o n t r a c t i o n  c o n t o u r s .  With t h e  r e s u l t s  
boundary l a y e r  c a l c u l a t i o n s  s r e  c a r r i e d  ou t  subsequen t ly .  The 
boundary l a y e r  d i s p l a c e s  t h e  f r i c t i o n l e s s  core-f low away from t h e  
w a l l  t o  t h e  e x t e n t  of i t s  d isp lacement  t h i c k n e s s .  As a r e ~ u l t  
t h e  con tou r  of t h e  p o t e n t i a l - f l o w  c a l c u l a t i m  d i f f e r s  from a 



'5 con tou r ,  c a u s i n g  t h e  i d e n t i c a l  core-f low w i t h  t h e  i n f l u e n c e  of  
a  boundary l a y e r ,  by t h e  amount o f  t h e  displacement d e n s i t y .  Th i s  f 

d 

e r r o r  i s  g e n e r a l l y  s o  s m a l l  r e l a t i v e  t o  t h e  contour-dimensions,  /43 1 : - 
t h a t  it can be ignored .  A t  t h e  end of  Chapter  4 a n  example- d 

i 

c a l c u l a t i o n  i s  d i s c u s s e d ,  from dhich  it i s  obvious t h a t  i g n o r i n g  i - '  B 1.4 

t h i s  d i sp lacement  i s  p r a c t i c a l l y  wi thout  e f f e c t  on t h e  v a l u e  f o r  < 
t h e  w a l l - f r i c t i o n  c o e f f i c i e n t  c f ,  and t h e r e f o r e  on t h e  s e n s i t i v i t y  1 

i f :  

t o  boundary l a y e r - s e p a r a t  i on .  i , :  

A s  w i l l  be shown i n  Chapter  4 ,  t h e  v e l o c i t y  d i s t r i b u t i o n  over  
t h e  e x i t - c r o s s  s e c t i o n  o f  a  con tou r  i s  p r a c t i c a l l y  on ly  de te rmined  
by t h e  con tou r  i n  t h e  a r e a  o f  t h e  second f low d e c r e a s e .  The ve lo -  
c i t y  d i s t r i b u t i o n  over  t h e  e x i t - c r o s s  s e c t i c n  o f  t h e  c o n t r a c t i o n  
must b e  con6 tan t  w i t h  g r e a t  accu racy .  The e r r o r  r e s u l t i n g  from a  
boundary l a y e r  d i sp lacement  r e p r e s e n t s  a  s i g n i f i c a n t  d i s t u r b a n c e  
f o r  t h i s  deg ree  o f  accuracy .  The re fo re  t h e  boundary l a y e r  d i s p l a c e -  
ment i s  t a k e n  i n t o  account  i n  t h e  a r e a  o f  t h e  second p r e s s u r e  
i n c r e a s e .  S e c t i o n  4.7 d e s c r i b e s  t h e  d e t a i l s  o f  t h i s  p r c c e s s .  There 
it w i l l  a l s o  be shown i n  an  examplt ,  how t h e  method o f  accoun t ing  
f o r  t h e  boundary layer -d isp lacement  i n  t h e  of  t h e  e x i t -  
c r o s s  s e c t i o n  i s  f u l l y  adequate  f o r  t h e  p r e s e n t  c a s e .  

Since  t h e  a f f e c t  of t h e  boundary layer -d isp lacement  on t h e  

v e l o c i t y - p r o f i l e  i n  t h e  e x i t  c r o s s  s e c t i o n  i s ,  though n o t i c e a b l e ,  
s t i l l  r e l a t i v e l y  s m a l l ,  a n  e r r o r  o f  up t o  approximate ly  30% i n  t h e  
c a l c u q : . t i o n  of  t h e  d i sp l acemen t - th i ckness  does  not  have any 
s i g n i r ' i c a n t  a f f e c t  on t h e  r e s u l t .  



3.4 S e l e c t l . o n  o f  a Boundary L a y e r  Computa t ion  Method - / 4 4  

For  t h e  s e l e c t i o n  o f  a n  a p p r o p r i a t e  boundary  l a y e r  compu- 

t a t i o n  method t h e  r e s u l t s  o f  t h e  1968 c o n f e r e n c e  on t h e  c a l c l l l a t i o n  

o f  t u r b u l e n t  boundary  l a y e r s  a t  S t a n f o r d  are used  a s  a  b a s i s  (see 

K l i n e  e t  a l .  [ 2 4 ]  and C o l e s  and Hirst [ 2 5 ] ) .  S i n c e  t n e  c o n t r a c t i o n  
boundary  l a y e r s  d e s c r i b e d  i n  S e c t i o n  3 .2  are s u b j e c t  t o  v e r y  s t r o n g  
v a r i a t i o n s  o f  p r e s s u r e  and v e l o c i t y  i n  t h e i r  c o u r s e ,  a c o m p u t a t i o n a l  

method must b e  s e l e c t e d  which t a k e s  i n t o  c o n s i d e r a t i o n  t h i s  t u r b u -  
l e n t  o r i g i n  o f  t h e  boundary  l a y e r .  It i s  n o t  s u f f i c i e n t  t o  compen- 
s a t e  f o r  t h e  h i s t o r y  o f  t h e  a v e r a g e  v e l o c i t y  p r o f i l e .  A s  

e x p l a i n e d  above ,  t h e  boundary  l a y e r  p r o p e r t i e s  a r e  l a r g e l y  
d e t e r m i n e d  by t h e  t u r b u l e n t  f l u c t u a t i o n s .  A boundary  l a y e r  compu- 

t a t i o n  method,  which  compensa tes  f o r  t h e  t u r b u l e n c e ,  h a s  been 

d e v e l o p e d  by Bradshaw e t  a l .  [ 30 ] .  More d e t c i l e d  i n f o r m a t i o n  
a b o u t  t h e  a p p l i c a t i o n  o f  t h i s  method i s  c o n t a i n e d  i r  s s e r i e s  

o f  r e p o r t s  by t h e  N a t i o n a l  P h y ~ i ~ a 2  L a b o r a t o r y .  Zradshaw 1311 

g i v e s  a  summary o f  t h e s e  r e p o r t s .  I n  t h i s  method t h e  t u r b u l e n c e  
e n e r g y  e q u a t i o n  i s  t r a n s f o r m e d  i n t o  a  a i f f e r e n t i a l  e q u a t i o n  f o r  
t h e  t u r b u l e n t  f r i c t i o n  f o r c e s .  T h i s  i s  done w i t h  t h e  d e f i n i t i o n  

o f  t h r e e  e m p i r i c a l  f u n c t i o n s ,  a s s o c i a t i n g  t h e  l o c a l  t u r b u l e n c e  
e n e r g y  and t h e i r  d i f f u s i o n  a..d d i s s i p a t i o n  w i t h  t h e  f ~ i c t l o n  f o r c e  
p r o f i l e .  The t u r b u l e n t  e n e r g y  e q u a t i o n ,  t h e  mean time e q u a t i o n  
f o r  t h e  i n p u l s e  f l o w ,  and t h e  e q u a t i o n  f o r  t h e  mean mass d i s -  /45 \ 
c o n t i n ~ i t y  form n s y s t e m  o f  h y p e r b o l i c a l  d i f f e r e n t i a l  e q u a t i o n s .  
T h i s  s y s t e m  czn b e  s o l v e d  n u m e r i c a l l y  w i t h  t h e  c h a r a c t e r i s t i c  
v a l u e  method.  

The F o r t r a n  computer  program by F e r r i s  and Bradshaw [ 3 2 ]  wes 

m o d i f i e d  s l i g h t l y  f o r  t h e  c a l c u l a t i o n s  o f  c o n t r a c t i o n  boundary  

l a i ~ s r s .  The m o d i f i c a t i o n s  m a i n l y  a p p l y  t o  t h e  c o m p u t a t i o n  o f  t h e  
-, 

i n t e r v a l s  be tween t h e  r e f e r e n c e  p o i n t s ,  which a r e  p e r p e n d i c a l a r  

t o  t h e  w a l l s .  I n  h i g h l y  a c c e l e r a t e d  f l o w s  t h e  boundary  l a y e r s  

become t h i n n e r ,  and a n  a u t o m a t i c  r e d u c t i o n  o f  t h e  i n t e r v a l  w i d t h  
must b e  p r o v i d e d .  



4 .  Cont rac t  i o n  S i z i n g  

4 . 1  Requirements of a Wind Tunnel Con t r ac t ion  

Both preceding  c h a p t e r s  d e s c r i b e d  how t h e  f low p r o c e s s e s  

i n  a  wind t u n n e l  c o n t r a c t i o n  can be c a l c u l a t e d .  The exped ien t s  
developed t h e r e  s h a l l  now be used i n  a  method $0 de t e rmine  t h e  

op t imal  wind t u n n e l  c o n t r a c t i o n s .  

A g iven  c o n t r a c t i o n  r a t i o  k f o r  t h e  c o n t r a c t i o n  s h a l l  b e  

assumed a s  t h e  b a s i s  f o r  t h e  c o n t r a c t i o n  i n  a p l a r n e d  h ind  t u n n e l .  

The c o n t r a c t i o n  r a t i o  i s  d e f i n e d  a s  t h e  q u o t i e n t  o f  t h e  average  
e x i t  v e l o c i t y  and t h e  average  e n t r y  v e l o c i t y  a t  t h e  c o n t r a c t i o n .  
It i s  t h e r e f o r e  always g r e a t e r  t h a n  u n i t y .  

A s  d e s c r i b e d  by P r a n d t l  [g ] ,  Gers ten  1321 and Pope and 
Harper 1343, a  c o n t r a c t i o n  d e c r e a s e s  t h e  v e l o c i t y  d i f f e r e n c e s  i n  

a  f low. This  phenomenon a p p l i e s  t o  t h e  v e l o c i t g ' d i f f e r e n c e ;  
caused by d i f f e r e n t  s p e c i f i c  energy l e v e l s  o f  a d j a c e n t  a i r  l a y e r s  
i n  t h e  flow. Such energy d i f f e r e n c e s  can be  caused e .g .  by 
t h e  f r i c t i o n  of a  c e r t a i n  a i r  l a y e r  r e l a t i v e  t o  t h e  d e f l e c t i o n  
b a f f l e s  i n  t h e  wind t u n n e l  c o r n e r s ,  o r  o t h e r  i n t e r n a l s ,  whereas 
tile a d j a c e n t  a i r  l a y e r a  do n o t  expe r i ence  t h i s  d e c e l e r a t i c n .  The 
e q u a l i z i n g  e f f e c t  of  a  c o n t r a c t i o n  i s  caused by t h e  f a c t  t h a t  t h e  
p r e s s u r e  i n  a l l  a d j a c e n t  a i r  flows d e c r e a s e s ,  wh i l e  t h e  k i n e t i c  
energy,  cor responding  t o  t h e  B e r n o u i l l  e q u a t i o n  i n c r e a s e s  w i th  
cons t an t  totp.1 energy.  A t  t h e  end o f  t h e  c o 2 t r a c t i o n  t h e  k i n e t i c  

energy o f  t h e  f low has  t h e n  i n c r e a s e d  t o  such an e x t e n t ,  t h a t  t h e  

remaining energy C i f f e r e n c e  i n  t h e  f low only causes  minor v e l o c i t y  /47 .;. - 
d i f f e r e n c e s .  The degree  of homogenization of t h e  f low v e l o c i t i e s  i 
i s  t h e r e f o r e  d e p e n d e ~ t  on t:.e c o n t r a c t i o n  r a t i o  k and no t  on t h e  4 
shape of t h e  c o n t r a c t i o n  con tou r .  4 ? ' 

t; 

-i 



I 
The impulse  exchange between a i r  l a y e r s  of  d i f f e r i n g  v e l o c i -  

, . t i e s  a l s o  c a u s e s  a ,  though l e s s e r ,  homogenization o f  t h e  f low.  

: /I This  phenomenon i s  covered by S c h l i c h t i n g  [35] i n  Cha?ter 2 4 :  

leeward o f  a  body t h e  wind v e l o c i t y  U_ i s  d e c e l e r a t e d  by ul. 

The wid th  b  o f  t h e  s e c t i o n  s h e l t e r e d  a g a i n s t  t h e  a i r  f low 

i n c r e a s e s  w i t h  p a t h  l e n g t h  x o f  t h e  f low,  a s  a  f u n c t i o n  of  t h e  

mixing p a t h  o f  t h e  l o c a l  t u r b u l e n c e .  The v e l o c i t y  d e v i a t i o n  

u1 t h e r e f o r e  d e c r e a s e s  co r r e spond ing ly .  S c h l i c h t i n g  g i v e s  a  
r e l a t i o n s h i p  Eq.  (24.12)  : 

I The c a p a c i t y  ba l ance  o f  t h e  v e l o c i t y  i n  t h e  s h e l t e r e d  a r e a  i s  

i t h e r e f o r e  m ~ r e  e f f e c t i v e  e .g .  a l o n g  t h e  p a t h  between a  f low s c r e e n  

5 1 upstream of t h e  c o n t r a c t i o n  and t h e  t e s t  l e n g t h ,  w i t h  d e c r e a s i n g  

i v e l o c i t y  Urn. It fo l lows  t h a t  i t  i s  d e s i r a b l e  t o  have l o c g  c o n s t a n t  
d 

flow s e c t i o n s  and s h o r t  h igh  v e l o c i t y  s e c t i o n s  upstream o f  a  

c o n t r a c t i o n .  The procedures  j u s t  d e s c r i b e d  i n d i c a t e  t h a t  it i s  

1 imposs ib l e  t o  remove a l l  i r r e g u l a r i t i e s  from t h e  f low,  even w i t h  

1 an  i d e a l  c o n t r a c t i o n  con tou r .  Hcwever, w i t h  an  a p p r o p r i a t e  con- 

/ t r a c t i o n  con tou r  it i s  p o s s i b l e  t o  have t h e  s p e c j f i c  k i n e t i c  
I 
! energy i n c r e a s e  by t h e  same amount a long  a l l  f low l i n e s  o f  t h e  
i 
F c o n t r a c t i o n  f low.  Only under  t h a t  c o n d i t i o n  i s  i t  p o s s i b l e  t o  
t ach ieve  a  c o n s t a n t  v e l o c i t y  i n  t h e  t e s t  s e c t i o n  a t  l a r g e  c o n t r a c t i o n  ! 

r a t i o s  o f  k .  

There i s  a  g e n e r a l  correspondence between t h e  c o n t r a c t i o n  
l e n g t h  and t h e  homogeneity o f  t h e  t e s t  s e c t i o n  v e l o c i t y .  The /48  - 
d e v i a t i o n  from c o n s t a r ~ t  t e s t  s e c t i o n  v e l o c i t y ,  caused by t h e  
c o n t r a c t i o n ,  c s n  be minimized w i t h  d e c r e a s i n g  t h e  l e c g t h  of t h e  
c o n t r a c t i o n .  However, we have p r e v i o u s l y  exp la ined  t h a t  it i s  
d e s i r a b l e  t o  s e l e c t  t h e  c o n t r a c t i o n  a s  s h o r t  a s  p o s s i b l e .  I n  

o r d e r  t o  e s t a b l i s h  a  compromise between t h e s e  two requirements i t  

i s  neces sa ry  t o  e s t i m a t e  t h e  d i s t u r b i n g  f lows  i n  t h e  t e s t  s e c t i o n .  



Pope and Harper [34]  sugges t  a  maximum d e v i a t i o n  o f  t h e  t e s t  
s e c t i o n  v e l o c i t y  of 0.25% f o r  good wind t u n n e i r .  D i s tu rbances  

o f  t h i s  o r d e r  of  magnitude cannot  be  avoided wi th  t h e  cho ice  c f  f 
r i  con tou r ,  s i n c e  t h e y  a r e  p r e s e n t  i n  t h e  flow b e f o r e  i t  r e a c h e s  t h e  a 

c o n t r a c t i o n .  The d i s c o n t i n u i t i e s  of t h e  f l ow v e l o c i t y  i n  t h e  

tes t  s e c t i o n  caused by t h e  con tou r ,  should  be o f  a i e s s e r  magnitude 

t h a n  t h e  remain ing  d i s t u r b a n c e s .  However, it a p p e a r s  t o  be u s e l e s s  

t o  keep t h e s e  d i s t u r b a n c e s  e s s e n t i a l l y  s m a l l e r t h a n  t h e  o t h e r  
I f :  1 . -  

d i s t u r b a n c e s .  For t h i s  r e a s o n  a  maximum d e v i a t i o n  o f  f 0 . 1 %  o f  t h e  i 
average  t e s t  s e c t i o n  v e l o c i t y  was chosen f o r  t h e  v e l o c i t y  i r r e g u -  i 
l a r i t y  r e s u l t i n g  from t h e  con tou r .  S ince  t h e  method f o r  t h e  c a l -  j 

c u l a t i o n  o f  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  e x i t  c r o s s  s e c t i c n  o f  e 
I. 

t h e  c o n t r a c t i o n ,  d e s c r i b e d  i n  S e c t i o n  2.6,  does  n c t  exceed an 

accuracy  o f  *C.03% o f  t h e  ave rage  v e l o c i t y ,  t h e  c a l c u l a t e d  d e v i a t i o n  4 
of  t h e  t e s t  s e c t i o n  v e l o c i t y  should  n o t  exceed 20.07%. 

1 
Flows i n  wind t u n n e l  c c 3 t r a c t i o n s  b a s i c a l l y  behave l i k e  

f r i c t i o n l e s s  f lows .  The e f f e c t  of  w a l l - f r i c t i o n  can be compen- 
i 

s a t e d  by means o f  boundary l a y e r  c a l c u l a t i o n s .  The r equ i r emen t s  / 4 9  - . .  
f o r  wind t u n n e l  c o n t r a c t i o n s  t h u s  o b t a i n e d ,  a r e  r e p r e s e n t e d  i n  B 

i 
S e c t i o n  3 .3 .  d 

h 4 
i 

I The d imens iona l  d e t e r m i n a t i o n  o f  a wind t u n n e l  c o n t r a c t i o n  r~ow 4 
I 
! r e p r e s e n t s  t h e  fo l lowing  o p t i m i z a t i o n  problem: 
! .., . 

4 'I' 

The contour  curve  y ( x )  must be s o  determined t h a t  t h e  .; 

I r e l a t i v e  t o t a l  l e n g t h  L o f  t h e  c o n t r a c t i o n  is  a t  a  minimum. i 
$ 4 1 

The f o l l o w i n g  a u x i l i a r y  c o n d i t i o n s  a r e  t o  be ma in t a ined :  
a )  The c o n t r a c t i o n  must have t h e  c o n t r a c t i o n  r a t i o  k ( 4 . 1 )  
b )  The a r i t h m e t i c  i n r e g u l a r i t y  o f  t h e  t e s t  sec t ic ln  P 4 

v e l o c i t y  must s a t i s f y  t h e  c o n d i t i o n  3 3 

C < * .  

Au - - = k0.07 8 ( 4 . 2 )  

Tes t  s e c t i o n  

. . 
E '4 1 . ..<, , 

A-a- .,-. * . .. - . . - . .-."-"-* 
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c )  The w a l l  f r i c t i o n  c o e f f i c i e n t  c  must s a t i s f y  
t h e  c o n d i t i o n  

fT 

. . .: 
t i  

a t  t h e  e n t r y  zone o f  t h e  c o n t r a c t i o n ,  c o r r e s -  
1 

I ponding t o  s e c t i o r  3.3.1.  
d )  The wall f r i c t i o n  c o e f f i c i e n t  c f 2  must s a t i s f y  

t h e  c o n d i t i o n  

i n  t h e  e x i t  zone o f  t h e  c o n t r a c t i o n ,  c o r r e s -  

ponding t o  s e c t i o n  3 .3 .1 .  

4.2 Geomet r ica l  Parameters  o f  a  Wind Tunnel C o n t r a c t i o n  /50 - 

The o p t i m i z a t i o n  problem j u s t  f o rmu la t ed ,  u n f o r t u n a t e l y  cannot  
be so lved  i n  i t s  g e n e r a l  form. I n  t h e o r y  i t  could  be used w i t h  t h e  
v a r i a t i o n  method a s  developed by R e c h e n b e ~ g  [ 3 6 ]  f o r  expe r imen ta l  

o p t i m i z a t i o n .  I n  t h e  p re .  n t  c a s e ,  however, t h e  a u x i l i a r y  condi-  5 
P 

B 
t i o n s  cannot  be r e p r e s e n t e d  a s  s imp le  f u n c t i o n s  o f  t h e  c o n t o u r  

i! cu rve .  Only a f t e r  a compl ica ted  compu ta t i ona l  program has  been 
c a r r i e d  o u t ,  i s  i t  p o s s i b l e  t o  de t e rmine  whether  i t  i s  p o s s i b l e  1 
t o  s a t i s f y  t h e s e  c o n d i t i o n s .  For  t h i s  r e a s o n  an  a t t e m p t  must be 

d 

made t o  f i n d  a n o t h e r  p o s s i b i l i t y  t o  approximate  t h e  optimum. A "( 

i 

f i r s t  s t e p  i n  t h i s  d i r e c t i o n  i s  t h e  r e d u c t i o n  o f  t h e  g e n e r a l  con- 

t o u r  cu rve  y ( ~ ) ,  t o  t h e  minimum number of pa rame te r s ,  d e t e r m i n i n g  
i t s  cu rve .  I n  o r d e r  t o  avo id  s e p a r a t i o n  of  f low,  t h e  f l ow  must 
f o l l o w  t h e  con tou r  smoothly,  wi thout  b r eaks  o r  jumps. S ince  t h e  

*.: 
f low i s  c a r r i e d  t o  t h e  c o n t r a c t i o n  i n  a c y l i n d r i c a l  d u c t  w i thou t  3 
cu rves  i n  t h e  d i r e c t i o n  of  t h e  f low,  and must a l s o  l e a v e  t h e  con- ,* . i 

t r a c t i o n  i n  t h e  form of  a s t r a i g h t ,  bundled f low,  s l o p e  and 



- ,. . ri . . . . ,  

--.. , c u r v a t u r e  o f  t h e  con tou r  cu rve  y ( x )  a t  t h e  i n i t i a l  p o i n t  A (compare 
F i g . 2 )  and e x i t  p o i n t  E must be  z e r o .  The c o n t o u r  t h e n  i n i t i a l l y  

c u r v e s  i n ,  goes t h rough  an  i n v e r s i o n  p o i n t ,  a f t e r  which i t  c u r v e s  
/ 

outward,  up t o  p o i n t  E where s l o p e  and c u r v a t u r e  a g a i n  become 
a 1 .  

*. 

.- &...*-.- 

When t h e  t h r e e  pa rame te r s  w R ,  w and ws a r e  de t e rmined ,  and h' 

I when fu r the rmore  t h e  s l o p e  and c u r v a t u r e  of  t h e  c o n t o u r  cu rve  y ( x )  

1 a t  po in t sA and E a r e  z e r o ,  and y ( x )  should  have a ninimum curva-  
g 
i 

t u r e  a t  a l l  p o i n t s ,  t h e  c o n t o u r  cu rve  i s  de te rmined  excep t  f o r  some 
1 minor deviations. The computer program developed f o r  t h e  p o t e n t i a l  

r i  f low i n c l u d e s  t h e  computat ion of a  con tou r  cu rve ,  which s a t i s f i e s  
c , a l l  c o n d i t i o n s  mentioned a t  p o i n t s  A and E as w e l l  a s  t h e  s t a t e d  

, pa rame te r s  wR, wh and ws .  D e t a i l s  about  t h i s  computer program 
i 
i c an  be found i n  Appendix 7 .  
I 

: A s e t  of c o n t o u r s  i s  d e f i n e d  by t h e  r e d u c t i o n  of  t h e  g e n e r a l  
I c o n t o ~ r  cu rve  y ( x )  t o  one de te rmined  by t h e  f i v e  pa rame te r s  w Q ,  w h  
i and wS,  q E  ( co r r e spond ing  t o  k )  and L.  T h i s  s e t  p robably  does  
! 

i no t  i n c l u d e  t h e  r e q u i r e d  optimum c u r v e ,  A s  e a r l y  as 1932, P r a n d t l  

I [ 9 ]  (p .77)  i n d i c a t e d  t h a t  t h e  homogeneity o f  t h e  t e s t  s e c t i o n  
1 v e l o c i t y  can  be improved, when t h e  c r o s s  s e n t i o n  opens up somewhat / 5 2  
f - 
f c l o s e  t o  t h e  con tou r  e x i t  p o i n t  E .  Whereas P r a n d t l  sugges t ed  
I a 
C 

d e t e r m i n i n g  t h e  dimensions  of t h i s  expans ion  i n  model t e s t s ,  t h e  

R , T , : + k ~ ~ , ' j ~ ~ , 3 , i ~ Y  I-.. Con '"'; '- . . ., 
, - . - ( 3  , , , ,  1- - 8 



computer program sugges t ed  i n  Chapte r  2 ,  w i t h  t h e  a i d  o f  a  boundary 

l a y e r  computat ion a s  d e s c r i b e d  i n  Chapter  3 ,  e n a b l e s  t h e  computa t ion  I 
o f  t h e  e f f e c t  o f  such  a n  expans ion .  The g e n e r a l  cu rve  f o r  such  1 
a  c c n t o u r  c o r r e c t i o n  i s  r e p r e s e n t e d  i n  F ig .5 .  The szme c o n d i t i o n s  

which were a s s o c i a t e d  w i t h  t h e  r equ i r emen t s  f o r  t h e  c o n t o u r  c u r v e  i 
a r e  a s s o c i a t e d  w i th  t h e  c o n t o u r  c o r r e c t i o n .  S lope  and c u r v a t u r e  ?i 
a t  t h e  e n t r y  and e x i t  p o i ~ t s  o f  t h e  c o r r e c t i o n  must be  e q u a l  t o  4 

I 
z e r o ,  and t h e  c o r r e c t i o n  may be c h a r a c t e r i z e d  on ly  by t h e  cond:- 3 5 

5 
t i o n s  a t  t h e  i n v e r s i o n  p o i n t  WPK. Thus t h r e e  a d d i t i o n a l  payameters  i a 
e  e  and e  d e f i n e d  i n  F ig .5 ,  must be cons ide red  i n  t h e  c o n t o u r  :i 

I I y  h '  s ) 3 

cu rve .  The f o l l o w i n g  s p p l i e s :  

E; 

The o p t i ~ i z a t i o n  problem in t roduced  a t  t h e  end o f  S e c t i o n  4 . 1  i 

b 
e t h e r e f o r e  becomes : 3 f 9 1 

must be de te rmined  i n  $ j S i x  pa rame te r s  w a y  wh ,  w S ,  e E ,  eh,  es  4, 
such  a  way a s  t o  minimize t h e  t o t a l  l e n g t h  L o f  t h e  c o n t r a c -  * 

8 

i 
t i o n ,  s t i l l  s a t i s f y i n g  t h e  a u x i l i a r y  c o n d i t i o n s  ( 4 . 1 )  t h rough  

2 1 ; 

4 . 3  *low i n  t h e  Ent ry  Zone t o  t h e  C o n t r a c t i o n  

Also ~ . f t e r  t h e  i n t r o d u c t i o n  of t h e  s i x  pa rame te r s  mentioned $ 3 
above,  t h e  o p t i m i z a t i o n  problem cannot  be d i r e c t l y  s o l v e d ,  due t o  ;s 

.*i 
t 

t h e  i m p o s s i b i l i t y  of a n a l y t i c a l l y  a s s o c i a t i n g  t h e  pa rame te r s  and 5 -,z 
L b  

t h e  a u x i l i a r y  c o n d i t i o n s .  For  t h i s  r e a s o n  i t  was a t t e m p t e d ,  w i t h  4 
t h e  a i d  of t e s t  c a l c u l a t i o n s ,  t o  e s t a b l i s h  r e l a t i o r l s h i p s  between 



p o i n t  s l o p e  r e s u l t s  i n  a  s i g n i f i c a n t  c o n t o u r  c u r v a t u r e  c l o s e  t o  
p o i n t  A .  

The c a l c u l a t i o n  of  t h e  c f l -va lues  accompanying a  c e r t a i n  s e t  /54 
of v a l u e s  f o r  w Q ,  wh and w s ,  i s  c a r r i e d  o u t  b y i n i t i a l l y  c a l c u l a t i n g  

a  p o t e n t i a l  f l ow  w i t h  t h e  computer program from Chapte r  2 .  The '2 

v e l o c i t y  cu rve  a l o n g  t h e  c o n t o u r ,  t h u s  o b t a i n e d ,  i s  used t o  .: . 
c a l c u l a t e  t h e  a p p r o p r i a t e  boundary l a y e r  w i t h  t h e  computer program i 
s e l e c t e d  i n  S e c t i o n  3.4.  The boundary l a y e r  c a l c u l a t i o n  s t a r t s  

.+ 

t h e  c o n t o u r  pa rame te r s  and t h e  a u x i l i a r y  c o n d i t i o n s .  One o f  t h e  

major  c o n c l u s i o n s  i s  t h e  p o s s i b i l i t y ,  d e s c r i b e d  i n  Chapte r  3 ,  

o f  a  d i v i s i o n  of t h e  c o n t o u r  i n t o  a n  e n t r y  f l ow  zone and an  e x i t  
f low zone ( F i g . 2 ) .  The shape  of  t h e  con tou r  curve  i n  t h e  e n t r y  

zone i s  p r a c t i c a l l y  f r e e  from any e f f e c t  on t h e  f low i n  t h e  e x i t  

f low,  and v i c e  v e r s a .  The t r a n s i t i o n  a r e a  between t h e  two zones  

i s  c l o s e  t o  t h e  con tou r  i n v e r s i o n  p o i n t  WP. 

The a u x i l i a r y  c o n d i t i o n  ( 4 . 3 )  i s :  t h e  w a l l  f r i c t i o n  c o e f f i c i e n t  

c f l  must s a t i s f y  t h e  c o n d i t i o n  c f l  > 0.002, a s  shown i n  S e c t i o n  - 
3.3.1 .  The c o n t o u r  i n  t h i s  zone i s  made d i m e n s i o n l e s s  w i t h  t h e  
y-value y a t  ? o i n t  A p e r  Eqs . (2 .23 )  and ( 2 . 2 4 ) ;  i t  now on ly  A 
depends on t h r e e  pa rame te r s  w Q ,  wh and ws.  It Is t h u s  p o s s i b l e  

t o  de t e rmine  l i n e s  w i t h  a  c o n s t a n t  wh-value f o r  a  wt(ws-)-diagram 
( F i g . g ) ,  where c f l  j u s t  r e a c h e s  t h e  l i m i t i n g  v a l u e  

Ou t s ide  t h e  bounda r i e s  a r e  parameter  v a l u e s  which l e a d  t o  c f l -  
v a l u e s  g r e a t e r  o r  s m a l l e r  t h a n  c f laGr .  The boundary l i n e s  have 

minimum p o i n t s  i n  t h e  r e p r e s e n t e d  r a n g e .  T h i s  i n d i c a t e s  t h a t  t h e  I 

s h o r t e r  e n t r y  zones occu r  when t h e  con tou r  cu rve   ha,^ even curva-  
i: 

t u r e  o v e r  as g r e a t  an a r e a  a s  p o s s i b l e .  Exces s ive  con tou r  s l o p e  
a t  i n v e r s i o n  p o i n t  WP r e s u l t s  i n  a  s i g n i f i c a n t  c u r v a t u r e  of  t h e  
con tou r  c l o s e  t i  t h e  i n v e r s i o n  p o i n t .  E x c e s s i v e l y  s m a l l  i n v e r s i o n  



': , . . ?: i  ' - ' , I .  I , . , .  
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w i t h  a r b i t r a r y  i n i t i a l  v a l u e s  and a  very  t h i n  boundary l a y e r  a t  
t h e  e n t r y  t o  t h e  s e c t i o n  o f  c o n s t a n t  f low,  i , e .  at  a l o c a t i o n  

upstream o f  p o i n t  A by nA. It r e s u l t s  i n  t h e  s m a l l e s t  v a l u e  f o r  
c f  Occur r ing  i n  t h e  e n t r y  zone, r e p r e s e n t e d  by c f l  i n  accordance  
w i t h  S e c t i o n  3.3.1.  

4 . 4  Flow i n  t h e  E x i t  Zone of  Uncorrected C o n t r a c t i o n s  

C a l c u l a t i o n s  of t h e  p o t e n t i a l  f low i n  c o n t r a c t i o n s  were c a r r i e d  
.B : o u t ,  i n  which t h e  t h r e e  c o r r e c t i o n  parameters  e R ,  eh  and e s  were '4 
'&. :. 

made e q u a l  t o  ze ro .  Thus t h e  con tou r  b a s i c a l l y  c o i n c i d e d  i n  a l l  f 
P 

c a s e s  w i t h  t h e  dashed cu rve  shown i n  F ig .5 .  
? ,,' 
1 ,  

\'; 

The c a l c u l a t i o n s  r e s u l t e d  i n  v e l o c i t y  p r o f i l e s  u ( c E , q )  i n  t h e  r 

e x i t  c r o s s  s e c t i o n  of  t h e  c o n t r a c t i o n .  The lowes t  v e l o c i t y  umin 
t 

a t  t h e  c e n t e r l i n e ,  and t h e  g r e a t e d  v e l o c i t y  urnax a t  t h e  con tou r ,  ? 

a l l  occured a t  t h e s e  p r o f i l e s  ( a t  p o i n t  E acco rd ing  t o  F i g . 2 ) .  
4 u - u  From t h e  r e s u l t s  t h e  cu rves  min could  be de te rmined .  (-1 i u  - 'min 'E max 

Some o f  t h e s e  cu rves  a r e  shown i n  F ig .10 .  It can  be s e e n  from 
t h i s  t h a t  a l l  u ( c g , q ) - p r o f i l e s  w i t h  t h e  same [ i l l e g i b l e ]  

very  a c c u r a t e l y  w i th  one a n o t h e r ,  Consequently - 
u' I uk can be used 

,+ 

a s  unbiased  parameters  f o r  t h e  v e l o c i t y  p r o f i l e s  of unco r rec t ed  
I 

c o n t r a c t i o n s  ( i . e . ,  c o n t r a c t i o n s  w i t h  e R ,  e  h  and es  e q u a l s  z e r o )  

a t  t h e  e x i t  c r o s s  s e c t i o n .  3 .+ 

Ra'fiO2 i i , 4 ,  1-ii. i :, );> ': ~ i u  
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4.5 Contour C o r r e c t i o n s  i n  t h e  E x i t  Zone 

An a t t e m p t  h a s  been made, w i t h  t h e  a i d  of  pa rame te r s  eII ,  e h  

and e s ,  t o  c o r r e c t  t h e  c o n t o u r  cu rve  t o  minimize t h e  d i f f e r e n c e  
- . b' igure  11 shows what t y p e  t h i s  d e c r e a s e  i s .  For  each  con tou r ,  I ,  - 

u  
two of  t h e  t h r e e  pa rame te r s  eII ,  eh  and es  can  be s e l e c t e t i  a r b i t r a r i l y .  , 

The t h i r d  parameter  can  t h e n  be de te rmined  i n  such  a  way a s  t o  4 

- minimize t h e  d e v i a t i o n  o f  t h e  v e l o c i t y  u ( 0 )  from t h e  ave rage  v a l u e  
- 

i 
u. The minimum i s  r eached  when, a s  i s  shown i n  t h e  t o p  of P i g . 1 1 ,  

i. . I t h e  v e l o c i t y  a t  t h e  c e n t e r l i n e  e q u a l s  t h e  v e l o c i t y  a l o n g  t h e  con- 
B 

d 1 t o u r .  C a l c u l a t i o n s  have r e s u l t e d  i n  f u r t h e r  impor t an t  r e s u l t s  o f  
6 t h e  p r e s e n t  a n a l y s i s ,  i n d i c a t i n g  t h a t  t h e  magnitude o f  t h i s  mlnJ- 

mum a s  a  good approximat ion  on ly  depends on e k ,  e h ,  e s  Au a n d -  . 
ii ~ ; k  

b The magnitude of t h i s  minimum and t h e  a p p r o p r i a t e  s e t  o f  pa rame te r s  
i 

e  eh  and e s  t h e r e f o r e  h a r d l y  v a r y  w i t h  d i f f e r e n t  con tou r  cu rves  II ' 
<I 1 ( i . e . ,  a t  d i f f e r e n t  wII ,  w w ) a t  t h e  same 

1 h'  s uk 

From t h e  a u x i l i a r y  c o n d i t i o n  ( 4 . 2 )  i t  f ~ l l o w s  t h a t  t h e  v e l o c i t y  / 5 6  - 
p r o f i l e  i n  t h e  e x i t  c r o s s  s e c t i o n  of  t h e  c o n t r a c t i o n  i s :  

Together  w i th  t h e  requi rement  o f  i d e n t i c a l  v e l o c i t y  a t  t h e  c e n t e r -  
l i n e  and a t  t h e  c o n t o u r  o f  t h e  e x i t  c r o s s  s e c t i o n ,  d e s c r i b e d  above 
and i n  Fig.11,  t h e s e  a r e  two c o n d i t i o n s  f o r  t h e  d e t e r m i n a t i o n  of 

Au t h e  f o u r  v a l u e s  e p ,  e h ,  e  and -1 . Thus two of t h e s e  v a l u e r  
S 6 uk 

F 
t can  be a r b i t r a r i l y  s e l e c t e d ,  t h e  o t h e r  two b e i n g  c a l c u l a t e d .  Th i s  
1 
i r e l a t i o n s h i p  i s  r e p r e s e n t e d  i n  F ig .12 .  Each p o i n t  of diagram 

Fig .12  r e p r e s e n t s  a  s e t  o f  parameter  v a l u e s  e k ,  eh ,  e s  and i 
D ; 1 uk' 



J 
of  which t h e  a u x i l i a r y  c o n d i t i o n  (4 .13)  i s  s a t i s f i e d ,  g u a r a n t e e i n g  i,, 
t h a t  t h e  v e l o c i t y  a long  con tou r  and c e n t e r l i n e  i n  t h e  e x i t  c r o s s  J 
s e c t i o n  5 = SE a r e  equa l .  

A g e n e r a l  r e l a t i o n s h i p  fol lowed from t h e  c a l c u l a t i o n s :  a s  
d 

i n c r e a s e s ,  t h e  l e n g t h  of  t h e  c o n t r a c t i o n  d e c r e a s e s .  I n  o r d e r  ; 
i; uk &I %I ,' ) 

t o  minimize t h e  l e n g t h  o f  t h e  c o n t r a c t i o n  uk must be chosen a s  C 

I 

*:C2s l i m i t e d  t o  a  
4 

g r e a t  a s  p o s s i b l e .  However, t h e  rnagnjtzde of  - 
c e r t a i n  r ange .  

I n s p e c t i n g  t h e  v e l o c i t y  cu rves  a long  t h e  con tou r  i n  F ig .11 ,  
i t  w i l l  be c l e a r  t h a t  by means of  c o r r e c t i o n  t h e  con tou r  downstream 

I of  t h e  v e l o c i t y  maximum c a u s e s  a  s t e e p  v e l o c i t y  d e c r e a s e ,  and 

b -. 1 t h e r e f o r e  a l s o  a g r e a t e r  p r e s s u r e  g r a d i e n t .  A t  t h i s  p o i n t  t h e  two 

!. ! p r e s s u r e  g r a d i e n t s ,  t h e  one r e s u l t i n g  from t h e  d e c r e a s e  o f  t h e  
i 

," a contour  c u r v a t u r e  and t h e  one r e s u l t i n g  from c r o s s  s e c t i o n  &7 
: t i n c r e a s e ,  a g g r e g a t e .  A t  t h e  boundary l a y e r  of  t h e  f low t h e  
I f 

p r e s s u r e  g r a d i e n t  e f f e c t s  a  d e c r e a s e  of  t h e  w a l l - f r i c t i o n  coef -  

t o  ach ieve  c o n s t a n t  t e s t  s e c t i o n  v e l o c i t i e s .  The a r e a s  of  i n c r e a s e d  
p r e s s u r e ,  t h u s  r e s u l t i n g ,  can make compliance w i t h  t h e  a u x i l i a r y  t 

I 

c o n d i t i o n  ( 4 . 4 )  imposs ib le  f o r  s i g n i f i c a n t  c o r r e c t i o n s .  I n  g e n e r a l ,  
' ,  

i it can be assumed t h a t ,  f o r  d i f f e r e n t  c o n t r a c t i o n  r a t i o s  k ,  d i f f e r e n t  
1 l e a d  t o  t h e  mini-  s e t s  of  parameter  v a l u e s  f o r  we,wh,ws,eQ,eh,es 
j ; ma1 c o n t r a c t i o n  l e n g t h  L .  I n  e s t a b l i s h i n g  t h e  s e t s  of pa rame te r s ,  4 

t h r e e  o f  t h e  s i x  parameters  can be v a r i e d  independen t ly  from one i 

a n o t h e r .  However, a s  exp la ined  above, no more t h a n  two of  t h e  s" 
i c o r r e c t i o n  parameters  eQ ,eh , e s  may be inc luded  Ln t h e s e .  The o t h e r  

t h r e e  must always be de te rmined ,  i n  o r d e r  t o  s a t i s f y  t h e  a u x i l i a r y  

" 1 c o n d i t i o n s  ( 4 . 2 ) ,  (4.3!, and ( 4 . 4 ) .  
4 
il 

E 



To f u r t h e r  s i m p l i f y  t h e  o p t  i m i z a t  problem c a l c u l a t i o n s  
w i t h  d i f f e r i n g  parameter  v a l u e s  were c a r r i e d  o u t ,  each  t ime  e s t a -  
b l i s h i n g  t h e  a p p r o p r i a t e  c o n t r a c t i o n  l e n g t h  L.  The r e s u l t s  i n d i -  

c a t e  t h a t  a  v a r i a t i o n  of  t h e  i n v e r s i o n  p o i n t  pa rame te r s  w 2 , w h , w s  
a f f e c t  t h e  l e n g t h  s i g n i f i c a n t l y  more t h a n  v a r i a t t o n  of  t h e  

c o r r e c t i o n  pa rame te r s  i ~ '  eQ,eh , e s  a r e  changed i n  t h e  a r e a  of s i g -  

n i f i c a n t  v a l u e s  f o r  - , co r r e spond ing  t o  Fig.12.  Values  f o r  
ii luk 

a r e  cons ide red  s i g n i f i c a n t  i n  l i n e  w i t h  t h e  ? r e c e d i n g  d i s -  /58 
c u s s i o n ,  if t h e y  a l l o w  t h e  a u x i l i a r y  c o n d i t i o n  ( 4 . 4 )  t o  be s a t i s f i e d .  

I v a r i a t i o n  of  t h e  c o r r e c t i o n  pa rame te r s  r R , e h , e s  i n f l u e n c e s  

t h e  c o n t r a c t i o n  l e n g t h  L on ly  t o  a  t e c h n i c a l l y  i n s i g n i f i c a n t  deg ree .  

On t h e  o t h e r  hand, v a r i a t i o n  computat ion w i t h  v ; 2 r i a t i c n  of  t h r e e  

pa rame te r s ,  even on a  f a s t  c a l c u l a t o r  such a s  t h e  RUB TR 4 4 0 ,  

which was used f o r  t h e  compu ta t j rn s  i n  t h e  p r e s e n t  work, z3esu l ted  
i n  computat ion t i m e s  of about  25 hour s .  The computat ion t ime  i s  

t h i s  h igh  l a r g e l y  because  t h e  d e t e r m i n a t i o r  o f  pa rame te r s  on t h e  

b a s i s  o f  a u x i l i a r y  c o n d i t i o n  ( 4 . 4 )  i s  o n l y  p o s s i b l e  i t e r a t i v e l y .  

For  t h e  r e a s o n s  mentioned it was dec ided  t o  no t  comple te ly  

s o l v e  t h e  o p t i m i z a t i o n  problem ma thema t i ca l l y .  I n s t e a d ,  t h e  t e s t  
computa t ions  were based on t h e  f o l l o w i n g  c o n s t a n t  v a l u e s :  

two d imens iona l  ax i - symmetr ica l  

From Diagram Fig .12 :  



I v a l u e s  s e l e c t e d  h e r e  r e s u l t  i n  v e r y  s h o r t  e x i t  zones .  

A f u r t h e r  advantage  of  keep ing  t h e  c o n s t a n t  pa rame te r  v a l u e s  1 c 

l C  
-. * . !  e,,eh,es a r l  i s  i n d i c a t e d  i n  S e c t i o n  4.7. It makes i t  very  B .  

I 5 uk a 
t 

I s imp le  t o  compensate f o r  t h e  d i sp l acemen t  e f f e c t  o f  t h e  boundary /59 , 

e- 7 i , '. 
w-5 * l a y e r .  A f t e r  i n t r o d u c t i o n  of  t h e  f i x e d  pa rame te r s  wRYwh,ws,eR'eh,eS 

. )  i n s t e a d  o f  t h e  genera.1 c o n t o u r  c u r r e  y ( x ) ,  and t h e  l a r g e l y  a r b i t r a r y  
4 

I 
I c h o i c e  o f  c o n s t a n t  v a l u e s  f o r  en  and e s  t h e  p r e s e n t  method can  no 
i 
i 

' I  l o n g e r  presume t o  have so lved  t h e  o p t i m i z a t i o n  yroblem o f  wind 
t u n n e l  c o n t r a c t i o n s  ma thema t i ca l l y  e x a c t l y .  Ra the r ,  we have h e r e  \ 

f 4 
I 
! a  probab3.y f u l l y  adequa t e  approximat ion  s o l u t i o n ,  
i 
? 

i 

i: 4.6 Dete rmina t ion  of  t h e  C o n t r a c t i o n  Length 

1 I 
With t h e  v a l u e s  ( 4 . 1 4 ) ,  ( 4 . 1 5 ) ,  (4 .16)  and ( 4 . 1 7 ) ,  a s  w e l l  a s  

t h e  boundary cu rves  of F ig .9 ,  t h e  d i f f e r e n t  i n v e r s i o n  p o i n t  l oca -  
t i o n s  wh,  i n v e r s i o n  p o i n t  s l o p e s  w,, and c o q t r a c t i o n  r a t i o s  k  

*1 
( o r  t h e  coun tou r -o rd ina t e  v a l u e s  vE a t  t h e  e x i t  o f  t h e  c o n t r a c t i o n ) ,  
p o t e n t i a l - f l o w  and boundary l a y e r  c a l c u l a t i o n s  were c a r r i e d  o u t .  
These f l ows  s a t i s f y  t h e  s t a t e d  c o n d i t i o n s  ( 4 . 1 ) ,  ( 4 . 2 )  a ~ d  ( 4 . 3 ) .  

4 

The v a l u e  f o r  v E  was v a r i e d ,  k e e p i n g  a l l  o t h e r  v a l u e s  c o n s t a n t ,  
u n t i l  t h e  a u x i l i a r y  c o n d i t i o n  ( 4 . 4 )  was s a t i s f i e d .  The p r o c e s s  1: 

4 .  
of de t e rmin ing  t h e  a p p r o p r i a t e  v a l u e  vE  was s i m p l i f i e d  by  t h e  
f a c t  t h a t  t h e  r e l a t i o r i s h i p  v E ( c f 2 )  ve ry  c l o s e l y  approximated 

i ' 
? 

l i n e a r i t y .  This e l lowed l i n e a r  i n t e r p o l a t i o n  of  ve ry  a c c u r a t e  
i n t e r m e d i a t e  v a l u e s .  The r e s u l t  o f  t h e s e  c a l c u l a t i o n s  i s  shown 
i n  F ig .13 ,  The r e l a t i v e  c o n t r a c t i o n  l e n g t h  o v e r  ws i s  p l o t t e d  t h e r e .  
The d iagram shows l i n e s  o f  c o n s t ~ n t  vE  v a l u e s .  For  each  v a l u e  o f  

n, ( a l s o  f o r  e a c h  c o n t r a c t i o n  r a t i o  k ) ,  a n o t % r  v a l u e  combina t ion  
L 

W h s W ~  t h e r e f o r e  l e a d s  t o  a  minimal c o n t r a c t i o n  l e n g t h  



I 
I 
! 

! 
j The minimal v a l u e s  of  t h e  L(ws) c u r v e s  were expec ted  on t h e  /J& 

b a s i s  o f  F ig .9 .  S u r p r i s i n g l y  t h e  r e l a t i v e  c o n t r a c t i o n  l e n g t h  o f  
4 

op t ima l  wind t u n n e l  c o n t r a c t i o n s  had a maximum a t  a  c e r t a i n  v a l u e  1 
f o r  " ( s e e  t h e  connec t ion  l i n e  of  t h e  minima f o r  t h e  L ( w s )  c u r v e s ) .  

1 .  While w i t h  i n c r e a s i n g  wh ( i . e . ,  d e c r e a s i n g  qWp and q E )  t h e  l e n g t h  r' 

5 
W~ 

o f  t h e  supply  zone i n c r e a s e s  ( F i g . g ) ,  t h e  l e n g t h  of  t h e  e x i t  I 

zone d e c r e a s e s .  Th i s  d e c r e a s e  i s  somewhat l e s s  f o r  g r e a t e r  q E  i f 

4 

v a l u e s  t h a n  t h e  i n c r e a s e  of  w R .  A s  q d e c r e a s e s ,  t h e  c o n t o u r  E t 

v e l o c i t y  c l c s e  t o  t h e  i n v e r s i o n  p o i n t  WP i n c r e a s e s .  S i n c e  t h e  
1 

v e l o c i t y  i n c r e a s e  beg ins  ups t ream o f  p o i c t  WP, t h e  boundary l a y e r  
a t  t h a t  p o i n t  i s  s a f e  from s e p a r a t i o n  and t h e  con tou r  can  be curved  I) 

i n  r e l a t i v e l y  pronouncedly.  For  d e c r e a s i n g  rlE t h e  l e n g t h  w t  

i n c r e a s e s  r e l a t i v e l y  l e s s  t h m  f o r  a g r e a t e r  v a l u e  of  qE.  Thus 
t h e  l e n g t h  d e c r e a s e  f o r  low rlE o f  t h e  e x i t  f low exceeds  t h e  

l e n g t h  i n c r e a s e  of t h e  e n t r y  zone.  

With t h e  r e s u l t s  o f  t h e  c a l c u l a t i o n s  j u s t  d e s c r i b e d ,  a  s e r i z s  

f of  d iagrams was compiJ,.e3, from which f o r  a  g iven  c o n t r a c t i o n  r a t i o  
k ,  0 1  q E  t h e  pa rame te r s  f o r  t h e  c o n t r a c t i o n  con tou r  can  be de te rmined .  
These a r e  t h e  f o i l o w i n g  d iagrams:  /61 

~ ~ ( ' 1 ~ )  Fig.14 

~ ~ ( v ~ )  F ig .15  

ws(qE) F ig .  1 6  

L ( q E /  F i g .  17 

qWF - \E(qE) 
F ig .  18 

. 
The d l a c o n t i n u i t y  i n  t h e  cu rve  of F i z .16  i n d i c a t e s  t h a t  t h e  

t suppre s s ion  of t h e  l e n g t h  i n c r e a s e  o f  t h e  supply  zone,  j u s t  d e s c r i b e d ,  i 

1 a t  d e c r e a s i n g  qE v a l u e s  q u i t e  suddenly o c c u r s  a t  a c e r t a i n  ~ a l u e  i 
k 

f o r  nE. 

5 0 



4.7 Compensation f o r  t h e  Boundary Layer Displacement 

I n  S e c t i o n  3.3.2 i t  was demons t ra ted  t h a t  i t  s u f f i c e s  t o  com- 

p e n s a t e  f o r  t h e  boundary l a y e r  d i sp lacement  i n  t h e  e x i t  zone of  a  

wind t u n n e l  c o n t r a c t i o n .  The cu rve  f o r  t h e  w a l l  f r i c t i o n  c o e f f i c i e n t  

c f  i s  p r a c t i c a l l y  independent  of t h e  Reynolds number o f  t h e  con- 1 1.-  

f 

t r a c t i o n  f low.  It can ,  l i k e  t h e  cu rve  f o r  t h e  p o t e n t i a l  f l ow ,  be 

r e p r e s e n t e d  a s  a d i m e n s i o n l e s s  f u n c t i o n  of t h e  c o n t r a c t i o n  dimen- r 

s i o n .  

The d i sp lacement  t h i c k n e s s ,  on t h e  o t h e r  hand, i s  more dependent  
on t h e  Reynolds number. There can ,  however, be connec t ions  between 
t h e  con tou r  cu rve ,  Reynolds nu~nber  and d i sp lacement  t h i c k n e s s ,  /62 
making it p o s s i b l e  t o  draw c o n c l u s i o n s  about  t h e  d i s p l a c e n ~ e n t  of 
t h e  c o r e  f lqw i n  t h e  e x i t  zorie, w i thou t  a  c o m ~ l e t e  ooundary l a y e r  
c a l c u l a t i o n .  Th i s  i s  made p o s s i b l e  i n  t h e  f i rst  p l a c e  by t h e  
e q u a l i t y  o f  e Q , e h , e s  and - f q r  a l l  o c c u r r i n g  wind t u n n e l  con- 

3 uk Au I 
t r a c t i o n s .  The cu rve  f o r  t h e  con tou r  v e l o c i t y  i n  t h e  e x l .  f low 
zone of  -11 t h e s e  c o n t r a c t i o n s  i s  t h e r e f o r e  p r a c t i c a l l y  e q u a l i z e d ,  
i f  r e p r e s e n t e d  r e l a t i v e  t o  t h e  e x i t  w a l l  d i s t a n c e  y E  (compare 

F tgs .23-26) .  Sample c a l c u l s t i o ~ s  hsve shr,wn t h a t  t h e  i n c r e a s e  of  
t h e  d i sp lacement  thickness i n  t h e s e  a r e a s  a t  d i f f e r i n g  c o n t ~ a c t i o n  
r a t i o s  k i s  a lmost  e q u a l ,  when on ly  y and u co r r e spond .  A , j  E 
d e s c r i b e d  i n  S e c t i o n  3.3,  t h e  boundary l a y e r  becomes ex t remely  
t h i n  a t  t h e  p o i n t  of  t h e  g r e a t e s t  c o n t o u r  v e l o c i t y .  Downstream 
of t h i s  p o i n t  t h e  boundary l a y e r  i n c r e a s e s  i n  t h i c k n e s s  a g a i n .  
I n  o r d e r  t o  compensate f o r  t h e  d i sp lacement  of t h e  boundary l a y e r  
i n  t h e  e x i t  zone,  t h e  d i f f e r e n c e  between t h e  d i sp l acemen t  t h i c k n n s s  

6' and t h e  dl.splacernent t h i c k n e s s  a t  t h e  p o i n t  of tile g r e a t e s t  

e l o c i t y  6: a r e  added f o r  t h e  con tou r  e s t a b l i s h e d  f o r  t h e  
max 

s e c t i o n  from t h e  p o i n t  of hir;llest v e l o c i t y ,  f o r  f r i c t i o n l e s s  f low.  
X ' a s  a  fu r .c t ion  of  --, For t h e  c u r v e  of the d i f f e r e n c e  6' - 6U 

ma x Y E  



i :< 
3 ? .. 

- - D e t a i l s  about  t h i s  p rocedure  car. be found i n  Appendix 5. The & , T "/ * 
f u n c t i o n  was normal ized ,  s o  t h a t  t h e  f a c t o r  i s  e q u a l  t o  t h e  d i f f e r e n c e  $ 

1 
3 5 ; 

* - f  L 

' 
.p.ll*.ur-r .rx---.- -*. . 

7 3 between t h e  d i sp lacement  t h i c k n e s s  a t  po fn t  E and a  r e f e r e n c e  v a l u e .  

5 Figu re  19  shows d  a s  a  f v - n c t i c n  of Re. A s  t h e  d i sp lacement  t h i c k -  

.- ji, 
$..y 
' '$@.' 

,ti> 

$'  j n e s s  s h a l l  be compensated f o r ,  downstream o f  t h e  p o i n t  of maximum 

- 
I 

": 

i 
i 
i 

b 

an  a n a l y t i c a l  approach was chosen,  a c c u r a t e l y  s i m u l a t i n g  t h e  c u r v e  
i '  except  f c r  one f a c t ~ r .  Th i s  f a c t o r  depends on t h e  Reyrlolds number: I .; 
d i 

YE * g 
R e  = - 2 v (4 .18 )  

t '  

P ..,, / contour  v e l o c i t y ,  a l s o  t h e  1-ocat ion of  t h i s  p o i n t  must be known. 
i It can  be t aken  from Fig .20  f o r  t h e  r e s p e c t i v e  v a l u e  qE.  
t 
I 

4 E 

j 
4.8 Appl i ca t i on  Exemple and Accuracy Check 

I n  t h e  prec2ding  s e c t i o n s  a  number of diagrams were p repa red ,  
3 

I from which, f o r  an  assumed c o n t r a c t i o n  r a t i o  k  ( o r  nE r e s p e c t i v e l y ) ,  'I 

i t h e  a b s o l u t e  v a l u e  o f  t h e  c o n t r a c t i o n  ( p o s s i b l y  i n  t h e  form of t h e  
! 
i 

g r e a t e s t  o r d i n a t e  v a l u e  y A j  and of  t h e  v e l o c i t y  u i n  t h e  t e s t  
I 
8 
i s e c t i o n ,  a l l  parameters  can be de t e rmin>d ,  e s t a b l i s k i n g  t h e  cu rve  
h f o r  t h e  con tou r  o f  a  wind t u n n e l  c o n t r a c t i o n .  I n  Appendix 6 a  
E 

.d e 
f r e l a t i v e l y  s imple  computer Drogram i s  provided ,  w i t h  t h e  a i d  of 

which t h e  contour  o f  t h e  c o n t r a c t i o n  can  be c a l c u l a t e d  p o i n t  by 
po in t  from t h e  parameters .  The method and t h e  accu racy  o f  t h i s  

c a l c u l a t i o n  w i l l  be d e t a i l e d  i n  t h e  f o l l o w i n g  example. 4 

Be it assumed t h a t  t h e  con tou r  f o r  a two d imens iona l  wind 

l unne l  c o n t r a c t i o n  i s  r e q u i r e d .  I n  t h e  ~ n t r y  c r o s s  s e c t i o n  t h e  
.! 
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% i yA = 1.5m 
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I ( 4 .20 )  12 
; / 1 

3 
1 

1 
t 

:- . I .  i The r e q c i r e d  c o n t r a c t i o n  r a t i o :  
i i 

* 

. I j .  
9. ' .  . i 
A .  I < ;' 

k = 3  (4 .21)  
! 

i ' 
f 

The des igned  v e l o c i t y  f o r  t h e  t e s t  s e c t i o n :  

i 

The r e q u i r e d  con tou r  i s  c a l c u l a t e d  point-by-point  w i t h  t h e  z 

a i d  o f  t h e  computer program d i s c u s s e d  i n  Appendix 6 .  For t h i s  P 
'I 

purpose,  t h e  fo l lowing  s e t  of  parametei-s can be ob ta ined  from i 
? 

t h e  diagrams ( t h e  c e n t e r  column c o n t a i n s  t h e  d e s i g n a t i o n s  used 
i 

I i n  t h e  computer program): 
. t P 
v .  a 

= RMAX = 1.5m (g iven  A 

I "' E 
= ZM = 0.333 (g iven  

L = XL = 1.82 (from F ig .17 )  
! 

, 
Wh = WH = 0.581 (fz-om F i g s . 1 5  & 1 8 )  i :? 

1 = WL = 1.248 (from Fig .14)  W L 
I i 

Ws = WS =-2.325 ( f r o n  F ig .16 )  
) d = DD = O.Oq47 (from F ig .19 )  

; 
i 

(from F ig .20 )  
lj 

A X  = nx = 0 . 1 m  ( g i v e n )  

5 3  REPRODUCIBILITY OF THE 
ORIGINAL PAGE IS POOR 



The v a l u e  Ax g i v e s  t h e  r e q u i r e d  d i s t a n c e  of  t h e  x  v a l u e s  o f  I 
t h e  p o i n t ,  i n  which t h e  c o n t o u r  o r d i n a t e  v a l u e s  s h a l l  be  c a l c u l a t e d .  i 

The t a b l e  f o r  y ( x ) ,  reproduced a t  t h e  end of  Appendix 6 ,  was /65 . :I 

c a l c u l a t e d  w i t h  t h e  a i d  o f  t h i s  program based on t h e s e  d a t a .  A s  3 ' .",* 
4 

J.73 

a  r e s u l t  o f  t h e  boundary l aye rh  d i sp l acemen t ,  t h e  e x i t  c r o s s  s e c t i o n  f 

y becomes g r e a t e r  t h a n  yl qE. Thi s  a c h i e v e s  t h a t  t h e  c o n t r a c t i o n  ! t 
i ? * ;. of t h e  f low more a c c u r a t e l y  r e p r e s e n t s  t h e  c o n t r a c t i o n  r a t i o  k  t h a n  

would be t h e  c a s e  w i thou t  compensat ion f o r  t h e  boundary l a y e r  d i s -  
p lacement .  

: " 
With t h i s  example a  check s h a l l  be  made of  which e r r o r s  a r e  t 2 

1 2aused due  t o  i g n o r i n g  t h e  boundary l a y e r  d i sp lacement  i n  t h e  

,.. 1 supply  zone,  and by t h e  a n a l y t i c a l  apprcach  f o r  t h e  boundary 

j 
l a y e r  d i sp l acemen t  I n  t h e  e x i t  zone.  The computer program o f  

Chapter  2 i s  i n i t i a l l y  used t o  c a l c u l a t e  t h e  a p p r o p r i a t e  p o t e n t i a i  
f low.  T h i s  i s  based on a c o n t o u r  cu rve  w i thou t  compensa t io r~  f o r  

boundary l a y e r  d i sp lacement  i n  t h e  e x i t  zone.  The r e s u l t  o f  t h i s  

computat ion i s  r e p r e s e n t e d  i n  P i g . 2 1  a s  a  p l o t t i n g  diagram.  

A boundary l a y e r  computa t ion  i n  accordance  w i t h  S e c t i o n  3 . 4  
1 

i s  c a r r i e d  o u t  w i t h  r e g a r d  t o  t h i s  p o t e n t i a l  f low,  s t a r t i n g  a t  
i 

t h e  e n t r y  of t h e  f low a t  t h e  s e c t i o n  w i t h  c o n s t a n t  f l ow ,  up t o  t h e  4 ,% 

e n t r y  of  t h e  f low i n  t h e  t e s t  s e c t i o n .  The example has  been 
g 
E chosen i n  such a  way as no t  t o  i n c l u d e  t h e  r e - fo rma t ion  of  

l amina r  f low.  Thus t h e  cu rve  f o r  t h e  e n t l r e  boundary l a y e r  can  
be c a l c u l a t e d .  From t h e  con tou r  c u r v e ,  which l e d  t o  F ig .21 ,  t h e  

k d i s p l a c e r r . . t  d e n s i t y  i s  not? s u b t r a c t e d .  Only i n  t h e  a r e a  of  t h e  
e x i t  zone,  i n  which t h e  d i sp l acemen t  e f f e c t  can  be co~npensa ted  f o r ,  d 

I 

i n  accordance  w i t h  S e c t i o n  4 .7 ,  po t  t h e  d i sp l acemen t  t h i c k n e s s ,  
< . 

t .. ?. 
but  t h e  v a l u e  6 U  (compare S e c t i o n  4 . 7 )  i s  s u b t r a c t e d .  i; 

ma x Q 
*+ . - 

.- 
For t h e  con tou r  cu rve ,  s o  o b t a i n e d ,  t h e  p c t e n t i a l  f low i s  / 6 6 "  $ 

computed w i t h  t h e  program from Chapte r  2 .  Th i s  p o t e n t i a l  f low 
. * ,.2 



r 
1 ? 
$ 

r e s u l t s  i n  t h e  sample c o n t r a c t i o n  w i t h  compensation f o r  t h e  1 .  
: 

boundary l a y e r  d i s p l a c e m n t  a l o n g  t h e  e n t i r e  c o n t r a c t i o n  wall and 
I 

t h e  c o n s t a n t  f low s e c t i o n  wall. The r e s u l t  i s  r e p r e s e n t e d  i n  j 

Fig.22. A comparison of  F i g . 2 1  and Fig.22 demons t r a t e s  t h a t  t h e  - - ,  
j 

v e l o c i t y  p r o f i l e  i n  t h e  e x i t  f low c r o s s  s e c t i o n s  v i r t l l a l l y  c o i n c i d e .  { . ' -,: 
t 

Thi s  demons t r a t e s  t h a t  t h e  compensation f o r  t h e  boundary layer 
f 2 

d i sp l acemen t ,  i n  accordance w i t h  S e c t i o n  4 . 7 ,  i s  f u l l y  aaequa te  t o  E ' ': 

s a t i s f y  t h e  r equ i r emen t s  of  t h e  a u x i l i a r y  c o n d i t i o n  ( 4 . 2 ) .  

Furthermore t h e  v e l o c i t y  curve  u ( 6 )  c o i n c i d e s  s o  a c c u r a t e l y ,  t h a t  i 

non-compliance wi th  t h e  a u x i l i a r y  c o n d i t i o n  ( 4 . 3 ) ,  caused by 7 

i g n o r i n g  t h e  boundary l a y e r  d i s2 lacement  i n  t h e  supply  zone can  

a l s o  be ignored .  

4 . 9  D i scuss ion  of  t h e  R e s u l t s  1 6 7  - 

Analyzing t h e  cu rve  f o r  t h e  o p t i m a l  c o n t r a c t i o n  c o n t o u r s  i n  
Figs.23-26, t h e  c o n t r a d i c t i o n  t o  t h e  t r a d i t i o n a l  wind t u n n e l  con- ? 

t r a c t i o n s  i s  immediately  n o t i c e d ,  i n  t h a t  t h e  con tou r s  show s i g n i -  ? 

f i c a n t  c u r v a t u r e  r e l a t i v e l y  c l o s e  t o  t h e  e x i t  c r o s s  s e c t i o n ,  i n  

o t h e r  words, t h a t  t h e  con tou r  i n v e r s i o n  p o i n t s  a r e  r e l a t i v e l y  c l o s e  i 

t o  t h e  e x i t  c r o s s  s e c t i o n .  Convent iona l  con tou r s  g e n e r a l l y  have 
drawn-out, weakly curved e x i t  zcnes .  The r e a s 3 n  f o r  t h i s  i s  shown i 

i n  Fig.11.  For an  uncor rec t ed  con tou r  curve ,  t h e  con tou r  v e l o c i t y  1 ( 
i n  t h e  e x i t  zone approaches t h e  ave rage  v a l u e  u o f  t h e  v e l o c i t y  , .. < 

f < 
i n  t h e  e x i t  c r o s s  s e c t i o n  a s y m p t o t i c a l l y .  With i n c r e a s i n g  e x i t  -? 

zone l e n g t h ,  t h e  v e l o c i t y  p r o f i l e  i n  t h e  e x i t  c r o s s  s e c t i o n  becomes 

more c o n s t a n t .  A s  t h e  e f f e c t  o f  t h e  con tou r  c o r r e c t i o n s  cannot  be 
a c c u r a t e l y  prede te rmined  up t o  now, t h e  con tou r s  were opened up s l i g h t l y !  i 

i. 
on ly  imned ia t e ly  upstream of t h e  e x i t  c r o s s  s e c t i o n ,  i n  o r d e r  t o  

1 

improve t h e  p r o f i l e .  Disadvantages  of  such c o n t o u r s ,  compared t o  i: a 
j 

t h o s e  developed i n  t h e  p r e s e n t  work, a r e  a g r e a t e r  l e n g t h ,  i n c r e a s e d  .J 

by about  2O-:Q%, and r e l a t i v e l y  t h i c k  boundary l a y e r s  i n  t h e  e x i t  ..t . :.. 
$7 

I. 

c r o s s  s e c t i o n .  



I n  o r d e r  t o  demonstrate  t h i s  comparison, t h e  computa t ional  

checking method, developed i n  t h e  p r e s e n t  work, was used t o  c a l -  

c u l a t e  t h e  s t eady  f low s e c t i o n  and c o n t r a c t i o n  o f  t h e  0.5m wind 
t u n n e l  of  t h e  I n s t i t u t e  f o r  Thermodynamics and F l u i d  Dynamics a t  
t h e  Ruhr U n i v e r s i t y  a t  Bochum. The p lo t t e r -d rawing  o f  Fig.28 /68 
shows t h e  r e s u l t s .  A boundary l a y e r  c a l c u l a t i o n  showed t h a t  

immediately upstream of t h e  c o n t r a c t i o n  t h e  boundary l a y e r  sepa- 

r a t e s .  Yrom t h e  ~ ( 6 ) - c u r v e  i n  Fig.28 it can be seen  t h a t  t h e  

p r e s s u r e  i n c r e a s e s  s i g n i f i c a n t l y  a t  t h a t  p o i n t .  T e s t s  a t  t h e  

c o n t r a c t i o n  showed t h a t  t h e  p r e s s u r e  i n c r e a s e  i n  r e a l i t y  i s  lsss 

pronounced t h a n  t h e  c a l c u l a t e d  va lue .  Also t h i s  i n d i c a t e s  boundary 

l a y e r  s e p a r a t i o n .  A f i l amen t  probe,  e n t e r e d  i n t o  t h e  c o n t r a c t i o n  

from t h e  t e s t  l e n g t h ,  however, d i d  not  show any s e p a r a t i o n  wi th  
r e t u r n  f low a long t h e  wall. Rather ,  edd ies  were found wi th  axes  
i n  t h e  f low d i r e c t i o n .  This  phenomenon suE;es t s  a  wal l -curva ture-  

e f f e c t  s i m i l a r  t o  t,:e Taylor-GErt ler  v o r t e x  format ion .  What 
probably occurred t h e r e  i s  t h a t  t h e  w a l l  f r i c t i o n ,  d e c e l e r a t i n g  
t h e  flow, i s  fo rced  away from t h e  w a l l  due t o  c e n t r i f u g a l  a c t i o n .  

The boundary l a y e r  equa t ions  a r e  s e t  up under t h e  assumption t h a t  
t h e  boundary l a y e r  t h i c k n e s s  i s  of a  l e s s e r  o r d e r  of magnitude 
t h a n  t h e  l o n g i t u d i n a l  c u r v a t u r e  r a d i u s  of t h e  wall. Nearly 
sepa ra t ed  boundary l a y e r s  a r e  s o  t h i c k ,  t h a t  t h i s  c o n d i t i o n  i s  

no longer  s a t i s f i e d .  Thus t h e  boundary l a y e r  c a l c u l a t i o n  would not  
p r e d i c t  such a  phenomenon. 

B 
E F igure  2 9  shows t h e  contour  and t h e  v e l o c i t y  curve  f o r  a 
b 

c o n t r a c t i o n  s u i t a b l e  f o r  t h e  same wind t u n n e l ,  c a l c u l a t e d  according  
t o  t h e  method desc r ibed  i n  t h e  p r e s e n t  work. The e s s e n t i a l l y  l e s s e r  
v e l o c i t y  dec rease  i n  t h e  a r e a  of  t h e  s t eady  f low s e c t i o n ,  r e l a t i v e  /69 
t o  F ig .28 ,  can b e  recognized .  Fur the rmore , th i s  c o n t r a c t i o n  i s  

I . 
e s s e n t i a l l y  s h o r t e r ,  t h u s  i n c r e u s i n g  t h e  t e s t  l e n g t h  by 0.23m. 



The p r e s e n t  work has  a t tempted  t o  develop a  t h e o r e t i c a l  method 
f o r  t h e  c a l c u l a t i o n  of opt imal  con tour s  f o r  two d imens ional  and a x i -  
symmetrical wind t u n n e l  x t r a c t i o n s  i n  t h e  subsonic  r ange ,  

computat ional  procedure f o r  t h e  f low c h a r a c t e r i s t i c s .  With t h e  a i d  
of  e l e c t r o n i c  computers it has  become p o s s i b l e  t o  develop such a  
computat ional  procedure i n  which t h e  f low i n  t h e  i n t e r i o r  o f  t h e  
c o n t r a c t i o n  i s  c a l c u l a t e d  a s  a p o t e n t i a l  flow, whi le  t h e  w a l l  
f r i c t i o n  has been taken  i n t o  c o n s i d e r a t i o n  by  means of boundary 
l a g e r  c a l c u l a t i o n s .  

I n  o r d e r  t o  c a l c u l a t e  t h e  p o t e n t i a l  flow, v o r t e x  s h e e t s  a r e  
I used i n  Chapter 2 t o  r e p r e s e n t  t h e  w a l l s  i n  t h e  s i n g u l a r i t y  model. 

I The l o c a l  circu1at:ovl of a l a y e r  has  been determined s a t i s f y i n g  t h e  
kinematic f low c o n d i t i o n s  a t  a  number of p o i n t s  on t h e  l a y e r .  The 
upstream and downstream boundaries  of t h e  vo r t ex  s h e e t s  a r e  r e p r e -  
sented  by source  and s i n k  l a y e r s .  A Fredholm i n t e g r a l  equa t ion  
of t h e  second degree  has been de r ived  from t h i s  arrangement t o  
r e p r e s e n t  t h e  c i r c u l a t i o n  d i s t r i b u t i o n  of t h e  v o r t e x  l a y e r .  The 
i n t e g r a l  equat ion  is  so lved  by means of t r a n s l a t i o n  i n t o  a  system 
of l i n e a r  equa t ions .  As has  been shown i n  Chapter 3, c e r t a i n  
demands should be made of  a method t o  c a l c u l a t e  boundary layers 

_/71 

at  t h e  w a l l s  of  wind t u n n e l  c o n t r a c t i o n s .  This  i s  due t o  t h e  f a c t  
t h a t  t h e  p r e s s u r e  g r a d i e n t  changes s i g n  s e v e r a l  t imes  between t h e  
e n t r y  of t h e  flow i n t o  t h e  s t eady  f low s e c t i o n  and t h e  e x i t  a t  
t h e  t e s t  l e n g t h .  For t h i s  r eason ,  t h e  boundary l a y e r  c a l c u l a t i o n s  

have been c a r r i e d  ou t  wi th  t h e  use  of a method develo2ed by 
Bradshaw e t  a l .  [30]. This  method s o l v e s  a  hyperbo l i c  s y s t e m  of  
t h r e e  p a r t i a l  d i f f e r e n t i a l  equa t ions  f o r  t h e  mass t r a n s p o r t ,  t h e  



i 

rc. 

impulse t r a n s p o r t ,  and t h e  t u r b u l e n t  energy t r a n s p o r t ,  from which 
t h e  boundary l a y e r  p r o p e r t i e s  are determined.  Th i s  method was 
p a r t i c u l a r l y  s u i t a b l e  t o  t h e  p r e s e n t  problem as, i n c l u d i n g  t h e  
t u r b u l e n t  energy t r a n s p o r t ,  t h e  h i s t o r y  of t h e  boundary l a y e r  i s  
r e l a t i v e l y  w e l l  comp2nsated, even a t  changing e x t e r n a l  c o n d i t i o n s .  

The computat ional  method i s  used i n  Chapter 4 f o r  t h e  opt imi-  
z a t i o n  of wind t u n n e l  c o c t r a c t i o n s .  An a t t empt  was made t o  f i n d  
t h e  s h o r t e s t  contract.&ons p o s s i b l e ,  s a t i s f y i n g  t h e  c o n d i t i o n s  of  
a  given c o n t r a c t i o n  r a t i o ,  a  g iven  homogeneity of t h e  f low 
v e l o c i t y  a t  t h e  c o n t r a c t i o n  e x i t ,  and t h e  requirement  t h a t  t h e  
contour  should e l i m i n a t e  t h e  p o s s i b i l i t y  of  boundary l a y e r  
s e p a r a t i o n .  It was shown t h a t  t he  contour  of s a t i s f a c t o r y  con- 
t r a c t i o n s  can be determined by means of  f i x e d  parameters .  For 
some of t h e s e  parameters  t h e  above mentioned a u x i l i a r y  c o n d i t i o n s  
a r e  t h e  de te rminan t s .  By means of  va ry ing  some of  t h e  o t h e r  
p a r a n e t e r s ,  it has  Seen shown t h a t  t h e y  do not  e s s e n t i a l l y  a f f e c t  
t h e  c o n t r a c t i o n  l e n g t h .  By means of  va ry ing  t h e  o t h e r  parameters ,  
wi th  t h e  a i d  of  t h e  computa t ional  method, diagrams were developed 
from which it was p o s s i b l e  t o  de termine  an op t ima l  c o n t r a c t i o n  
contour  f o r  each r e q u i r e d  c o n t r a c t i o n  r a t i o .  For t h i s  purpose-  
a  computer program has  bc?n prepared ,  which c a l c u l a t e s  t h e  contour  
curve po3.nt-by-polnt from che parameters .  
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Appendix 1 

Ana lys i s  o f  t h e  Kernel  Func t ion  G ( 5 , c t )  f o r  t h e  Range 5 ~ 5 :  
Axi-Symmetrical Flow 

The k e r n e l  f u n c t i o n  G ( . 5 , C 1 )  i s  g iven  i n  E q s . ( 2 . 2 7 ) ,  ( 2 . 5 )  
and ( 2 . 7 ) .  For  t h e  r ange  5-6' i t  i s  t r e a t e d  s i m i l a r l y  t o  Huchols  

t r e a t m e n t  [201. 

w i t h  
k = 

(C-6') 2+(n+n') 

The v a l u e  n 1  i s  developed a s  a Taylor  s e r i e s  f o r  ( 5 - 5 ' ) :  

mnto~ucmnm OF THB 
ORIGINAL PACE IS POOR 

c? . """ ' -. ".' 
, , ~ B F s p c *  = . 



The series is not extended beyond the third term. Substituting 

Eq.(A1.4) in Eq.(A1.2) results In: 

Substituting Eq.(A1.4) in Eq.(A1.3) results in: 

for the argument k of the elliptical integral E ( k )  and K ( k ) .  

From Eq.(A1.6): 

lim k 1 
S'C ' 



Abramowitz and Stegun [21] (p .591  and 592, Eqs.17.3.26 and 

17 .3 .35)  g i v e s  t h e  f o l l o w i n g  approximat ions  f o r  t h e  argument 1. 

i n  t h i s  l i m i t i n g  c a s e :  

lim E(k) = 1 
k+l 

S u b s t i t u t i n g  Eq.(A1.6) i n  Eq.(A1.8) r e s u l t s  in: 

Eq.(A1.10) can be r e s t a t e d :  

Th i s  r e s u l t s  in: 



For axi-symmetrical flow this results in: 

Two Dimensional Flow 

The k e r n e l  fundtion G(S,S1) is given in Eqs.(2.27), ( 2 . 9 )  

and (2.11). It is developed in the range < = 5 (  i n  such a way as 

to eliminate the unknowns. When Eq.(2.9) and (2.11) are also 

substituted In Eq.(2.27), the followinr~ results: 



Eq.(A1.4) i s  s u b s t i t u t e d  i n  Eq. (A1.14)  and e x p r e s s i o n s  w i t h  

i d e n t i c a l  denomina to r  are combined: 

A f t e r  s i m p l i f y i n g  and i g n o r i n g  a l l  terms in which ( S - f ' )  
o c c u r s  as a f a c t o r ,  t h i s  r e s u l t s  in: 



Appendix 2 

A n a l y t i c a l  Computation o f  the Res idua l  I n t e g r a l  from Eq . (2 .351  - 
a t  Constant  0, f o r  5 - 5 '  i n  A-xi-symmetrical Flow - 

The i n t e g r a l  o f  Eq . (2 .35)  r e s t a t e d :  

The f o l l o w i n g  e q u a t i o n s  were d e r i v e d  under  t h e  assumption 

Aa<<l .  Eq.(A1.13) i s  copied  from Appendix 1. S u b s t i t u t i n g  

Eqs . (2 .31 ) ,  ( 2 .32 )  and (2 .33 )  changes  t h i s  e q u a t i o n s  i n t o :  

Eq.(A2.2) i s  s u b s t i t u t e d  i n t o  Eq.(A2.1) .  From t h i s ,  two 

p a r t i a l  i n t e g r a l s  are  formed: 

I n  i n t e g r a l  I1 t h e  'n tegrand  i s  f u l l y  independent  o f  a t :  



I n t e g r a l  I2 i s :  

I n  Eq.(A2.5) a and a' s h a l l  be  s u b s t i t u t e d  by 6 and 5': 

The i n t e g r a t i o n  l imits  of  I2 can  be  deve loped  i n  T a y l o r  s e r i e s :  

REPRODUCIBZITy OF ms' 
ORIGINAL PAGE IS I'(.){ih 



If the assumption Aac<l applies: 

e tB 

Thus I2 becomes: 

The values for 5 and q occurring in Eq.(A2.12) and their 

derivatives refer to the point p. 
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Appendix 3  1 
I Transformat ion  o f  Eq.(2 .35)  i n t o  a  System o f  L i n e a r  Equa t ions  f o r  
I 6 , p = 1,2 ,3 ,  ..., n f o r  a  0  Curve, Q u a d r a t i c a l l y  I n t e r p o l a t e d  from : -P 
I t h e  C1 Values  I 
I CL 

The development o f  t h e s e  l i c e a r  e q u a t i o n s  i s  base  ! 

i 2 5  ,-.. 
l v=1,2,3,**.,n ( h 3 . 1 )  

,2 ! \ 
'% 

i 

Thi s  system of  e q u a t i o n s  s e r v e s  t o  c a l c u l a t e  t h e  n  v a l u e s  i <? 

1 . ,. 
I ,? 0 , P = 2 ,  n .  The f u n c t i o n  0(0,  - l ,Ov,Ov+l ,a t ) ,  o c c u r r i n g  :r 

!I 
i n  Eq.(A3.1),  i s  computed w i t h  t h e  a i d  01' t h e  Lagrange i n t e r p o l a t i o n  : ~ C i  

method, such a s  used by Abramovitz and Stegun [21] (p .878,  Eqs. 
* 

.% 

I 25.2.1 and 25 .2 .2) .  For  a q u a d r a t i c  i n t e r p o l a t i o n  of  t h e  0 v a l u e s  

it i s :  
I .A. 

Z - 
"̂. - 

I n  Eq. (A3.2) t h e  f a c t o r s  k i  a r e  developed from t h e  foll-owing 

e q u a t i o n  b y  means of  c y c l i c a l  s u b s t i t u t i o n  o f  t h e  i n d i c e s :  

Thus Eq.(A3.1) i s  deve loped  i n t o  t h e  f o l l o w i n g  system of 

l i n e a r  e q u a t i o n s :  



.. , " * ,  ,. : 
$ I n  Eq.(A3.4) t h e  i n t e g r a l s  o c c u r r i n g  a r e  p e r f e c t  l o c a l  
$ 
ig f u n c t i o n s ,  which can be c a l c u l a t e d  w i thou t  knowing t h e  0 cu rve .  
4 
E For t h e  p r e s e n t  work a computer program was deve loped ,  i n  which 

t h e  i n t e g ~ a l  v a l u e s  were c a l c u l a t e d  a n d a s e m b l e d  i n  a  c o e f f i c i e n t  
m a t r i x .  With t h e  a id  o f  t h i s  m a t r i x  t h e  sys tem of  e q u a t i o n s  was 

6 so lved  f o r  A . A t  t h r e e  p o i n t s ,  however, t h e  c o e f f i c i e n t  c a l c u -  
f: 

1-1 I 
. , l a t i o n  had t o  be mod i f i ed  r e l a t i v e  t o  Eq . (A3.4) :  

a )  a t  p o i n t  v = l  3' t 

, ~ 

$ 

b )  a t  p o i n t  v=p 
f: p. c )  a t  p o i n t  v=n .  

I n  c a s e s  ( a )  and ( c )  t h e  v a l u e  f o r  Q i s  de te rmined  by 

i n t e r p o l a t i o n  o r  e x t r a p o l a t i o n  r e s p e c t i v e l y ,  ove r  t h e  f i r s t  

t h r e e  o r  t h e  l a s t  t h r e e  v a l u e s  f o r  A . I n  c a s e  ( b )  a s m a l l e r  ? 
P . . 

k range  t o  t h e  n r i g h t  and t o  t h e  l e f t  of  t h e  s i n g u l a r  p o i n t s  o f  - /87 
t h e  k e r n e l  Gl.(a =a ) i s  s e l e c t e d  from t h e  i n t e g r a t i o n  f o r  t h e  

P v 
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Contour Curve for a Wind Tunnel Contraction 
(Cornpensat ion for Boundary Layer Displacement) 



Pages 88 through 100 (comprising Appendices 4-6) are missing 

in text 



Appendix 7 

Computation of a Genera l  Func t ion  f o r  t h e  Contour Curve 

; d C  
.'7 

The fo l l owing  shows a  method which can  be used t o  compute t h e  4 .* * , , F- *a 
c o o r d i n a t e s  of a f u n c t i o n ,  s a t i s f y i n g  t h e  c o n d i t i o n s  s e t  f o r  t h e  .F tr x% 

con tou r  f u n c t i o n  y ( x ) .  The d e r i v a t i o n  o f  t h e  n e c e s s a r y  e q u a t i o n s  :$ 3 i 

i s  c a r r i e d  ou t  i n  a  g e n e r a l  form h e r e ,  s i n c e  t h e  same f u n c t i o n s  # :  
- '  , 

a r e  a l s o  used i n  S e c t i o n  4 . 4  f o r  t h e  c o n t o u r  c o r r e c t i o n  a t  t h e  .$ , 

42 

end of t h e  c o n t r a c t i o n .  g 
Q 
4 
q 

Problem -- '$ 

L. g 
p 

A f u n c t i o n  s h a l l  be computed s o  a s  t o  s a t i s f y  t h e  f o l l o w i n g  

c o n d i t i o n s :  

Given 

no maximum, minimum o r  i n v e r s i o n  p o i n t  i n  t h e  1 

range  O<xcxw ( A 7 . 5 )  
..t : 

X ~ ~ Y , , S : ,  

S o l u t i o n  

I n i t i a l l y  a  polynomial  of t h e  f i f t h  deg ree  i s  c a l c u l a t e d :  

- 
y = a x S + b % ' + c ~  (h7.6) 



s a t i s f y i n g  t h e  c o n d i t i o n s  (A7.11, ( A 7 . 2 )  and (A7.3) ,  s u b s t i t u t i n g  

a v a l u e  f w  f o r  t h e  v a l u e  o f  t h e  a b s c i s s a  xW. The v a l u e  f, i s  
de te rmined  i n  such a  way, t h a t  p o i n t  (fw,y,) i s  t r ans fo rmed  i n t o  

t h e  p o i n t  (xw,yw) .  This  t r a n s f o r m a t i o n  i s  r e q u i r e d  i n  o r d e r  t o  
s a t i s f y  c o n d i t i o n  (A7.4). The t r a n s f o r m a t i o n  must t h e r e f o r e  have 
t h e  f o l l o w i n g  p r o p e r t i e s :  

No new maxima, minima o r  i n v e r s i o n  p o i n t s  a r e  
c r e a t e d  (A7.11) 

S o l u t i o n  

P a r t  1 : Determina t ion  of  a  Poi?nomial,  -- - S a t i s f y i n g  (A7.1) , ( ~ 7 .  a - 
and (A7.3) f o r  P o i n t  P = x,& 

Cond i t i on  (A7.5) i s  s a t i s f i e d  by t h e  u se  of (A7.6) .  

To de t e rmine  t h e  c o e f f i c i e n t s  a , b  and c, it i s  assumed t h a t  -f5 ..: 
Eq.(A7.6) s h a l l  s a t i s f y  t h e  c o n d i t i o n s  (A7.1) ,  (A7.2) and (A7.3) I 

- .I' 
, * f o r  p o i n t  = x,. +. i* 



The s l o p e  a t  t h e  c o o r d i n a t e  o r i g i n  t h e r e f o r e  i s :  

*. 
From (A7 .21)  i t  f o l l o w s  t h a t  c o n d i t i o n  ( A 7 . 4 )  c a n  g e n e r a l l y  

* .  . 
n o t  be  s a t i s f i e d  w i t h  ( ~ 7 . 6 ) .  
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7 "*,,,, . -- . .  . - "  . , .  . . . .*- .:*:r< *$ti*:. k ? $ ,  

r 
P .. 
"": 

** 

h P a r t  2 :  T r a n s f o r m a t i o n  - o f  F q u a t i o n  (A7.6) 
-1 

? 

~. / Eq.(A7.6)  must be t r anzformef l  i n  s u c h  a  way, t h a t  Eq.(A7.4) 
a p p l i e s ,  w i t h o u t  l o s i n g  t h e  a p p l i c a b i l i t y  of  t h e  c o n d i t i o n s  ( A 7 . 1 ) ,  

1 

(A7.2) and (A7.3).  As w i l l  be shown below, t h e  t r a n s f ' o r m a t i o n  1 1 0 6  
4.'- 

e q u a t  i o n  

I - 
,w * x a x + p y  (A7.22) t : 

' a  A 
s a t i s f i e d  t h i s  r e q u i r e m e n t .  With t h i s  t r a n s f o r m a t i o n  t h e  y v?,ues 

remain ,  and o n l y  t h e  x  v ~ l u e s  a r e  changed.  For  y = yw,  i n  

$' a c c o r d a ~ l c e  w i t h  CA7.1) and ( A 7 . 2 ) :  
# 
%Z 
$. 
3' 

t 

i n  a c c o r d a n c e  w i t h  (A7 .1)  and ( A 7 . 3 ) :  S i m i l a r l y  f o r  y = Y,.~, 

I n  a c c o r d a n c e  w i t h  Eq . (A7 .21) :  



~ q .  ( ~ 8 . 2 2 )  t h u s  becomes: 

For  p o i n t  x = xw: 

R e s u l t  -- 

The f u n c t i o r  rea l l i r3d  i s  : 

w i t h  ; 

and : 



L 

i 
4 . . 

L. \ % 

h 

Numerical  Represen t  a t  i o n  
I *, 

, I n  t h e  p r e s e n t  work t h e  v a l u e  f o r  t h e  f u n c t i o n  (A7.28) i s  

r e q u i r e d  a t  d i s c r e t e  p o i n t s .  For  t h i s  r e a s o n  t h e  v a l u e  Zw Is  r( 

c a l c u l d t e d  f i r s t  from Eq.(A7.29) f rom t h e  g i v e n  v a l u e s  xw,yw and 
i 

4 .* " 
*. y:. 

Subsequen t l y  a  s e r i e s  o f  p o i n t s  ( x , y )  a r e  computed w i t h  4 

., c Eq.(A7.28)  and t r a n s f o r m e d  i n t o  x v a l u e s  w i t h  a i d  o f  Eq.(A7.30) .  
r .; 

- , .  % , ~, 

r: 
.-+. 

h 
I' 
3' i 

g 
- 5  

.r 
* :  
f , , .  

!! 
\ 
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strecke 

X 
F i q . 1  Top: Schemat ic  s k e ~ c h  o f  a wind t u n n e l  c o n t r a c t i o n  

( l o n g i t l l d i n a l  c r o s s  s e c t i o n )  
4' I Bottom: Sche~nat ic  v e l o c i t y  cu rve  at t n e  c o n t o u r  and 

a t  the c e n t e r  line 

! : ? 
&, 



F i g . 2  S i n g u l a r i t y  model f o r  t n e  p c t e n t i a l  f low 
t h r o u g h  a wind t u n n e l  c o n t r a c t  i o n  



F i g . 3  Schemat ic  c u r v e  f o r  G(a) a l o n g  t h e  c o n t o u r  o f  a 
wir.A t u n n e l  c o n t r a c t i o n  

(a)  s i m u l a t e d  with '  a  s t e p p e d  f u n c t i o n  c u r v e  
( b )  s i m u l a t e d  b y  means o f  q u a d r a t i c  i n t e r p o l a t i o n  

between t h e  i n t e r v a l  m idpo in t s  



Fig. 4 Parameter  r e m e s e n t a t  i o n  of c o o r d i n a t e s  5 (0,) 
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Fig .  8 Boundary l a y e r  curyre a l o n g  t h e  c o n t o u r  o f  a 
wind t u n n e l  c o n t r a c t i o n  

Top: v e l o c i t y  p r o f i l e  i n  t h e  b o ~ n d a r y  l a y e r  
a t  t h e  base  p o i n t s  o f  t h e  p r o f i l e  
r e p r e s e n t e d ;  p o i n t  symbols show t h e  cu rve  
f o r  t h e  d i sp lacement  t h i c k n e s s  

Bottom: cu rve  f o r  t h e  p r e s s u r e  r e l a t i v e  t o  t h e  
p r e s s u r e  i n  t h e  e x i t  c r o s s  s e c t i o n  and 
cu rve  f o r  t h e  w a l l  C r i c t i o n  f a c t o r  c f  
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.10 Normalized velocity profile in ~ x i t  cross section 
E=EE uncorrected contractions 



Querschni tt M - E : 

Fig. 11 E x i t  zone for a correct& and an unc 
two dimecsional contractIan 

onrec t  ed 
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Fig, 16r (Axi-symmetrical) 

Inversion point parametzr wS as a 
function of se for optimal 
contractions 
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Fig.27 Curve for the displacement thicknesses 
of different (two dimensional) 
contractions in the exit zone 
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